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1 Forward propagation in neural networks

In this section, you will study that a neural network is a network model that outputs a
prediction g for input data x = [zg, 21, - ,xp_1] via several layers of computation, and that
the computation in each layer is basically done by linear transformation (or more precisely,

affine transformation) and activation function.



1.1 Forward propagation in an affine layer

Each layer of a neural network consists of multiple neurons (vertices of a graph), and the operation in
the Ith neuron of the ith layer is a linear transformation (or, more precisely, an affine transformation,

since there is also the operation of adding a constant) followed by a nonlinear transformation as

i i—1) (i i—1) (i i—1) (i i
RN R MU
xl(’b) — f (al(’b))
(i—1) _ (.G=1)  _(G—=1)y . . (%) (z)
Here, x = (zy ", -+ ,xi_7 ) is the output value of the previous layer, w;, and b, are called

the weight parameters of the model, and f(a) is a nonlinear function called the activation function.

Using (K, L) dimensional matrix W = (wl(jl)) and L dimensional vector b(¥ = (bl(i)), the above
equation can be written as
a® — xG-D@ L p0)
x® = (au))

Here, it is assumed that the vector is a horizontal vector and the function f acts on each component

of al¥ (such an action is called broadcasting).



In the case of mini-batch

Let’s consider the case of mini-batch learning with N data.

Let the set of output values of the previous layer be an array of type (N,K): X (i—1)

C . (i—1) (i—1) 7]
L0,0 T Lo K1
: : , then the forward propagation of the affine layer can be written as
(i—1) (i—1)
_for—l,o T w]\zf—l,K—l_

e X D@ 4 )
{ @ f(A@))

Here, again W) is an array of type (K, L) and b'¥ is an array of type (L, ). In this case, A and

X are arrays of type (N, L).

Note that in NumPy, it is broadcasted as

(N, L)type array + (L, )type array = (N, L)type array

(the second term viewed as a row vector is added to all the rows of the first term). Also note that

the activation function acts component-wise.



1.2 Activation function

The following two activation functions are typical.

1 ReLU (Rectified Linear Unit) function
14+e® ReLU(z) = max{0,x}

Sigmoid function o(z) =

The following functions are also used depending on the situation.

Leaky ReLU function
(x > 0)

f@) = { 0.1z (x <0)

I
—

hyperbolic tangent
tanh(x) = ——

e* +e %
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2 Design of loss function and output layer

The loss function or cost function is a measure of the ”badness” of a machine learning model. The
loss function is essentially the same as the error function for measuring the accuracy of predictions,
but sometimes the loss function can include penalties such as the magnitude of parameters. However,

for the sake of simplicity, we will consider only the error function as the loss function for a while.

In order to train a neural network, we need to design the error function appropriately. First, of
course, the error function must be large when the accuracy of the prediction is low, and small when
it is high. Also, it must be differentiable by the parameters of the model in order to be trainable.
In the case of supervised learning, the error function is a function of the correct answer value y and

the predicted value .

In this section, we introduce a typical output layer and loss function (error function) for supervised

learning of regression and classification problems.



2.1 In case of a regression problem

Let the output value be gy and the correct answer label be y. It is common to use (one half of)

the squared error

as the error function. No activation function is used in the output layer.

In the case of mini-batch training with N data, when the set of output values is
YV = [§©,--- gV "Y] and the set of correct labels is ¥ = [y©@ ... y®™=Y] (one half of)

the mean squared error
N —

1 ~(n) . (n))?
o 2 (87 ™)

n=0

=

is used.
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2.2 In case of a 0-1 binary classification problem

In the case of a binary problem where the correct answer is 0 or 1, using the sigmoid function
1

l1+e*®
P(y = 0) = 1—g, we can consider that output is a Bernoulli distribution (a probability distribution

as the activation function of the output layer § = o(x) = and setting P(y = 1) = ¢ and

where the probability of 1 is p and the probability of 0 is 1 — p).

It is common to use the cross-entropy of the output value i to the correct label y:
H(y,9) = —ylog§ — (1 — y)log(1 — )

as the error function.

In the case of mini-batch learning with N data, when the set of output values is

(N—l)]

YV = [5@,... g "Y] and the set of correct answer labels is Y = [y@, .-y , We use

the average cross-entropy

N —

> (v 1089 + (1 - ™) log(1 — §™))

n=0

—

HY,Y) = —%

as the error function.
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2.3 When classifying into K types

If we apply a softmax function

1
exO_i_..._‘_emK—l [

[QO QK—1]:SOftmaX([x0 CUK—1]): o0 ... e“’K—l]

as the activation function of the output layer so that each component is greater than or equal to 0
and the sum is 1, we can consider the output to be a categorical distribution with K elementary
events (a distribution in which the probability po, -+ ,px—1 of each event is given for mutually
exclusive K events).

It is common to use the cross-entropy of this output value y = [QO :&K—l} to the correct

label y = [yo yK_l] (one-hot representation, i.e., when the correct answer is [, y; = 1 and
yr = 0 for k #£ 1):

K-1
H(y,y)=— ) yxlog i
k=0

as the error function.

In the case of mini-batch training with N data, the average cross-entropy

N—-1K-1
> 1 n ~(mn
HYL9) == 30 3 4 log gl
n=0 k=0

is used as the error function.
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Review of cross-entropy

Information content

Let P(A) be the probability that an event A occurs. When event A occurs in a trial, the information

content is
I(A) = —log P(A).

Cross-entropy
Suppose two probability distributions, P(Ag) and Q(Ax) (k=0,1,---, K —1), where all events are

mutually exclusive K events Ao, A1,---, Ax—1. Then,

H(P,Q) = — z—: P(Ar)log Q(Ax)

is called the cross-entropy (of @ with respect to P). The cross-entropy is the expected value of the
information content about the probability distribution ) with respect to the probability distribution
P.

13



3 Backpropagation

In order to train a neural network (e.g., by stochastic gradient descent), we need to calculate the
derivative with respect to the parameters of the error function. Calculating the derivative for a single
parameter can be done easily by using numerical differentiation (shifting the parameter slightly and
observing how the error changes). However, this method is very time consuming because it requires
calculating each variable individually. Neural networks use the chain rule of differentiation to do
this efficiently. This calculation is called the backpropagation method because it traces the network

backwards from the error.

14



3.1 Stochastic gradient descent method and differentiation of errors

When the error of a neural network 6§ = f(x,6) with parameters 0 is written as E(x,6), the

update of 6 by stochastic gradient descent is given by

oF
0+ 0 — )\%

(A > 0 is a hyperparameter called the learning coefficient), where

8E(x(”) 0)
= =% Z

(x(o), oo, xNV=Y are input data in the mini-batch). Thus, we need to compute the partial derivative

of the error with respect to the parameters. The backpropagation method is an efficient way to

calculate this using the chain rule.

15



3.2 Chain rule

For simplicity, the function y = f(x) is written as y = y(x).

Differentiation of composite functions of one variable
If the functions z = z(u) and u = u(x) are both differentiable, then it holds that

dz  dz du z’(u) u/(a:)

dr ~ du dr
When the dependency of the variables is represented by the diagram

du dz
O—O—0 OO0
<
dz du
du dx

?

the derivative formula of the composite function can be interpreted as multiplying the derivatives

corresponding to the arrows.

16



Differentiation of composite functions of two variables

Type 1:
If the function z = z(u) is differentiable and v = u(x,y) is partial differentiable, it holds that

0z dz Ou , CLow 82’_@@_,
9 du Oz =2 (W) uz(z,y) HBFY By du By =z (u) uy(z, y).

The dependency of the variables is represented by the diagram

Again, the derivative formula for the composite function can be interpreted as multiplying the

derivative along the arrows.

17



Type 2:
If the function z = z(u,v) is totally differentiable and v = u(x) and v = v(x) are differentiable, it

holds that
dz 0z du 0z dv

% = % %‘l‘%% :zu(u,v)u <$)+zv(uav)v (iC)

The dependency of the variables is represented by the diagram

In this case, there are two routes that follow the arrow from x to z, and the derivative formula for
the composite function can be interpreted as the sum of the derivatives along the arrow for each

route.

18



Type 3:
If the function z = z(u,v) is totally differentiable and v = u(z,y) and v = v(x,y) are partial

differentiable, it holds that

8z_8z3u+3z8v
or Ou Ox Ov Ox

= Zu (U, U) Uy (w7 y) T 2v (u’ U) Uz (ZE, y)

and

0z 0z (9u+8z ov
dy Oudy Ov Oy

= Zu(u, v) uy (2, y) + 20 (u, v) vy (2, ).

The dependency of the variables is represented by the diagram

du

In this case, there are two routes from = or y to z following the arrows, and the derivative formula

for the composite function can still be interpreted as the sum of the derivatives along the arrows

for each route.



3.3 Exercise on the chain rule

(Do it if it’s not too hard.)

(1)
(2)

(3)

(4)

(5)

(6)

1 d d
When z = 2(u), u = = (sigmoid function), represent d_j; using ﬁ )
In (1), when z = —tlogu — (1 — t)log(1 — u) (0-1 value cross-entropy), represent d—z using
x
t,u.
When z = z(u,v), u = 14+ €%, v =1+ e * (input = is separated into u and v and then
merges at z), represent % usin % and %
& 1P dr & Bu ov’ y
When z = z(u,v), u = € and v = —° (softmax functions of two variables),
er + e¥ e’ + eY
represent — and 0z usin % and %
b ox oy & Bu ov’
In (4), when z = —slogu — tlogwv, where s+t = 1 and v + v = 1 (cross-entropy of two
: 0z 0z .
variables), represent — and — using s, t, u, v.
Ox oy
For real numbers woo, w10, wo1, w11, bo, b1 and z = 2(yo,y1), (yo,y1) = (zowoo + x1w10 +
0z 0z . 0z 0z
bo, Towo1 + x1wi1 + b1), represent —— and —— using — and —.
axo 8:131 8yo 8y1

20



(Correct answer)

dz e " dz dz
1) 22 = 22—l —w)2
(1) dr  (14+e )2 du u(l —u) du
(2) Substitutin 9z _ —£—|— . to the result of (1), we obtain dz _ —t(l—w)+(1—t)u = u—t

. 8g8u_8u 1—u W dr N

< 292 _ —zY%
3) dr S ou  © Bu N N
ou  Ov e Y ou Ov e Y

(4) From 9r By (e 1+ ev)? uv, Gy~ 9z (e 1 ev)? uv, we obtain

0z (8z 82) 0z ( 0z 8z>
= uv — =uv | —5 + —

oz u Ov) By ou  Ov
... Oz s 0z t .
(5) Substituting — = ——, — = —— to the result of (4) and using s+t =1and u+v =1, we
3 ou u’ Ov v 5
obtain 8_; = —vstut = —(1—u)s+u(l—s) = u—s and a—z =vs—ut = v(l—t)—(1—v)t = v—t
90 Y5y, R g

21



3.4 Computational graph

The derivative of a complex function can be calculated using the chain rule by composing simple
functions over and over again. The graph that represents this composition is called a computational
graph. Each vertex (node) in the computational graph represents a function (and its output),
and the arrows indicate that the output from the original vertex is passed on as input to the
destination vertex. Tensorflow, PyTorch, and other deep learning frameworks provide the function

to automatically apply the chain rule using a computational graph (automatic differentiation).

22



A simple example of a computational graph The function z = (ax — y)* of three real

numbers x, a, and y can be decomposed into the following computational graphs

Here, from

dz ot
— = 2 — =
dt b Oy

we have the following inverse graph:

Here, the equation next to the arrow is the derivative of the variable at the origin of the arrow by

the variable at the destination of the arrow. (Continued to the next page)

23



According to the chain rule, we should be able to get the derivative of the output z for each

variable by multiplying them sequentially following the arrows. In fact, if we try this, we get

and
0z
5. = 2at = 2a(s — y) = 2a(az — y)
0z
5, = 20t =2u(s — y) = 2z(azx — y)
0z

which is the correct result.

In this way, by using a computational graph, the derivative of the output is propagated backwards

through the original graph.

24



A rather complex example of a computational graph

For two real numbers z, y (where 0 < y < 1), consider the (binary) cross-entropy

1
l+e =

)

h = —ylog ) — (1 —y)log(1 — §), (where §j =

with the output of the sigmoid function. This function can be docomposed as the following com-
putational graph

O— (e

h:—zl—zzitb'jj]

Z; = (1 —y)log(1 —3)

(It can be decomposed more finely, but the graph will be larger).

From
Oh oh 0z1 . O0z1 y Oz
azl 822 Y ay Og Y a/g g Y ay Og( y)?
822__1—y @_ —1 @__e_m
0y 1—9 ds (1+s)2 dr ’

25



we have the graph in the opposite direction

1

According to the chain rule, if the arrows merge, they should be added. Using ¢ = g
S

1 —
s = y , we can calcurate as

and

1— _
@:—loggj—l—log(l—y) log—y logs =loge " = —x
oy Y

3= (5 15) wre C = (5 )
1 Yy
il

ox
- ) (1 —g) (this deformation is somewhat technical.)

QQ QQ>|@ @>|Q@
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3.5 Computational graphs for neural networks

In neural networks, the entire layer can be thought of as a node, or vertex, in a computational
graph. In this case, the input and output to the nodes of the computational graph are not a
single number, but a higher-order array. Thinking of them together in this way makes it easier to
implement backpropagation, but the application of the chaining rules at the nodes becomes more

complex.

Y F)4

— =X 17777
ow
: oF oF _
Let X and W be matrices and E a scalar, we want to calculate X and W However, while we can
0
consider gradients for scalar matrices like 3y’ but we can not consider gradients of a matrix with respect

) 4 oY

to a matrix like — or ——.

0X ow

27



A basic example in neural networks

As an example, Let’s consider the node of the matrix product

where X, W, and Y are matrices and £ = E(Y) is the final error function of the model in one

E ) E
dimension. The goal of the backpropagation method is to find 8_ and 8_ when 8_ is given

0X ow oY

¢ Symbols: For a matrix X and a function f(X), the gradient 88—;; = V x f represents a matrix of

. The same is applied when X is a vector or

the same shape as X with (i, j) components as 5
Lij
tensor.

The conclusion is
OB _ 0B r OB _ r0E
oxX oy ' ow oY

We will derive this formula later.

28



A way to remember using dimensions

We introduced a formula

aE_X
ow oy

This formula is very hard to remember, but if you remember that the derivative of a product is the

product of v and X or W, then it is automatically determined by just calculating the dimension.

In fact, if X is a matrix of shape (IV, K) and W is a matrix of shape (K, L), then Y is of shape

(N, L) and
g—)E( : shape (N, K), g—‘f/ : shape (K, L), g—g : shape (N, L)

29



A way to remember using dimensions (continued)

E E
For example, to get a matrix of shape (N, K) of S_X by taking a product with g—Y: shape (N, L),
since

(N, K) = (N, L) x (L, K),

we have to multiply a variable of shape (L, K) from the right, which can only be done with wT.

(N,K) 2

g_i : (N,K)=(N,L)(L,K) %Y

Problem Using the above method of dimension calculation, derive g—lf/ =X Tg—}E/.

30



Derivation of the formula

It’s too complicated to do it in general shape, so let’s calculate it when all matrices are of shape

(2,2). From
Yoo Yoi| _ |Too Xoi| |Woo Woi| _ [TooWoo + ToiWio TooWo1l + To1Wil
Yio Y11 10 T11| [Wi0 W11 T10Woo + T11W10 T10Wo1 + T11W11
we have
- O OE - OE OE OE OE
oF | @00 Omo1 | | oo woo +- ayo1 Byoo L10 T dyor 11
0X | 0E OE | | OE ) OFE
Ldz10 Oz 4 dy10 0O + 8y11 Wotl By, W10 + dy11 W1t
- OF OE
| 9v00  Svo1 Woo Wio0| 8EW
OF OF | |wo1 w11 oY '
Ldy10  Oyi11 A
Hence, it holds that
oE 8EW
0X 0Y
for Y = XW. Calcurating similarly, we have
oF _ yT9E oF
ow oY’

31



3.6 Exercise on backpropagation

(1 —t1)® + (y2 — t2)?),

2 0
1. Let X = [2 —1 1], W =11 1|,Y = XW and E = E(Y) (E is one-dimensional
0 4
variable).
1
(1) When the error for the correct answer (¢1,t2) = (1,2) is F = 5
OF oOF
find — and ——.
"ax M ow

(2) When the error for the correct answer (t1,t2) = (1,0) is £ = —t; log(

e¥? oF oF
t2 log (m), ﬁnd 8—X and W

eyl —|- ey2

)_

32



142 3+1
2. Let X = |2 —-1|,b [2 1], Y=X+b=|[2+2 —-1+1]| (calculated by broadcast)
0 1 0+2 1+1
: : : : oF 1 0 OFE
and EF = E(Y) (F is one-dimensional variable). For Y = [O 11 1], find X and
oF
T

33



(Answer)

1.

(1) from Y =[3 3], it holds that g—f: =|yi—t1 ys—t:] = |2 1], and hence
OFE OF __ r 2 1 0
ox = oy W =2 1][0 | 4}_[4 3 4
2 4 2
OFE T OF
ow oY [ 1 ] [ 9 1 ]
. . . oE eVl eV2
(2) Exercise of the chain rule 3.3, it holds that W o [m —t1 e tg] =

[—% %}, and hence

0X oY 0O 1 4
2 11
oL _ r0E | 7, 1 =1 -1
BTG 9y : 2 2 PR
2 2
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Yoo  Yo1 oo +bo xo1+ b1

2. From |y10 v11| = |10 +bo x11 + b1 |, it holds that
Y20 Y21 20 +bo  x21 + b1
- OF OF T - OF OF -
eR AN Oxg1 9Y00 9Yo1 1 0
OE _ | aE oB | _ | oE OF _3_E_O 1
0xX Ox10 Oxz11 | — | 9y1o0 Oyi1 | — oYy
OE OE OE OE I 1
L dx20 Ox21 - L 9y20 Oy21 -

oE 9E  OF OE OE OE OE OE OE
- [3 } - [ + 9y10 + 0y20 + 0y11 + ]

Ob bo 9 900 dyo1 dya21
2 1 0

- Z [(g_E>@0 (g_E)zl] = sum 0 —1]|,axis=0] = [2 O]
=0 11

where, for an array X, sum(X, axis = 0) is the sum with respect to the zeroth index (i.e., ¢ when

X = (z45)) as in the NumPy function.

35



3.7 Summary of the backpropagation formula

For a single data  exp ,_[ RS T]
: Y
e Output layer for regression: for the one half of squared error: 0 )
1 5 OF _ softmax
E=—-(y—1t)°, — = y—1t (t: correct answer value, y: predicted - Y OFE
2 Oy X —=Y-T
value) a X
e Output layer for 0-1 value 2-classification (sigmoid + cross en-
oE
tropy): o =Y t
x
e Output layer for K-classification (softmax + cross entropy): NN
oF

Ix —y—t) (t: vector of one-hot representations of the correct
X

answer values) backpropagation for softmax with loss

e For an affine transformation layer £ = E(y), y = xW + b:

0B _ 0B, r OB _ 1B OF _0F
ox Oy T OW T 9y’ 0b Oy
e When F = E(y),y = ; —|—1e—x (sigmoid function): g—i =yx*(l—y)x g—f
98 (if 2, > 0
e When F = E(y), y = max{0,x} (ReLU function): OF _ ) ou (if @ )

dzi o (it 2 < 0)
36



For a mini-batch with N of data—just remember this and you can
implement NN

N-1
1
e Output layer for regression: for the one half of sum of squared errors: E = 5 Z (Yn — tn)?,
n=0
oF
e —v—_t
dy Y
e Output layer for 0-1 value 2-classification (sigmoid + cross entropy): — =y — t

0x

E
e Output layer for K-classification (softmax 4+ cross entropy): g—X =Y -T

(For mini-batches, we usually take the average rather than the sum of the errors, so above
three are divided by N.)

e For an affine transformation layer £ = E(Y), Y = XW + b:

a—E—g—EVVT7 oL —XTa—E OF = sum (a—E,aXiS:O>

X ~ Y ow — 7 Y’ b oY
() When E = E(Y), Y = m (Slngld function): g—i = Y k (1 — Y) k g—g
OE OB - (if ™ > 0)
e When £ = E(Y), Y = max{0, X} (ReLU function): = { %Y

oz o (it 2™ < 0)



3.8 Exercises on visualization of computational graphs with PyTorch

Notebook: 2-1 BB

PyTorch is a deep learning library based on Torch, developed by Facebook. (It is said to have
inherited the design philosophy of Chainer and made it faster). In 2-1, we will use PyTorch to
generate computational graphs and perform automatic differentiation. In particular, we will cre-
ate computational graphs for matrix computation and the SoftmaxWithLoss layer, and perform
automatic differentiation.

e Nodes and Edges in Computational Graphs

e Similarities and differences between PyTorch and Numpy

e Chain rule

e In order for PyTorch to perform automatic differentiation, the last output of the computa-
tional graph must be 1D

% The last point is due to the fact that for example, if X and Y = f(X) are both matrices, then

8_Y will be a fourth-order array.

0X
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4 Neural network with two layers

A neural network that consists of an input layer (layer 0), a hidden layer (layer 1), and an output
layer (layer 2) is called a 2-layer neural network. 3 layers is one way to count the number of layers,

but since no operations are performed in the input layer, the number of effective layers is 2.

Since the two-layer neural network is the most basic neural network, let’s practice to write the

code from scratch.

39



4.1 Neural network with two layers (Regression)

In a supervised regression problem with input data (a mini-batch with N data) X and corre-

sponding predicted values lA/, a two-layer neural network can be represented as

w@, p w2 p@) Y

l l |

X _.[ A = xw@ 4 bm]-»[ XD — f(Au))]—»[? =XOw®@ ¢ b(2>]——>[ E=E(YY) ]

where when the activation function is ReLU, it holds that
XM = 1(AD) = relu(A™) = max{A", 0}

and the mean squared error with the prediction Y is

1 N-—-1
E=_—— Y, —Y,)?
o 2 )
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Neural network with two layers (Regression) (continued)

On the other haand, from the formula in the previous section, we can caliculate the backproba-
gation as

w®, p) w@ p@
4 OE 0E
=XT t _or = (X(l))Ta_{E: %
ow @ ax@ ow @ )4
OE OE . OF OE :
O sum (ax(l) , dX1S = 0) 5@ = sum (E’ axis = O) I
X 4—[ AW = xw @ 4 b(l)]q_[ ¥ — f(A(l))]<—[? = XDOw@ 4 b(2>]<——[ E=E(7Y) ]
0E 0E T 0E O0E OE o0E T oE 1
x - a0 ") gwm e U)oy FEjF-n
o L or . .
where the activation function is ReLU, AT is given by
oF OF _
_ (1) (1) _ = .A(@)
AT~ 3xD * (mask of A™)), (mask of A = /B : AV > 0))

Here “mask” can be written in Python code as

# for forward # for backward
maskl = (a1l > 0) dal = dx1 * maskl

x1 = maskl * al
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Stochastic gradient decent method

The parameters are updated using the stochastic gradient descent method.

Algorithm for the SGD (revisit):

Assume that we have a set of input data with correct answers.

1.
2.

Take arbitrary value for parameter W.
Select a few (hundreds) samples randomly (mini-batch) from the set of input data with

correct answers

3. Compute a prediction for each of the input data.

Calculate the derivative BT where E is the mean of the error from the correct answer in
the mini-batch and W is a parameter

For a real constant A > 0, update W as

oFE

and return to 2
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4.2 Exercises on implementing a simple two-layer neural network by Numpy
Notebooks:

¢ 2-2-1 UV FNEHE2BD=a—F )%y~ (EF)
e 2-2-2 VN 2BO-a—FILxv ~ (2EDEE)
¢ 2-2-3 VI E2BO=-a—F L2y~ (95

Please keep the following points in mind when doing exercises on simple two-layer neural networks
by Numpy.
e Design output layers for regression, binary classification, and classification problems respec-
tively.
e back propagation
e How to use Class and its parameters and methods
e Implementation of Sigmoid and ReLLU
e How to use Pandas

e Accuracy on training data and on test data
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Exercises on implementing a simple two-layer neural network by
Numpy No. 2

Following the notebook on the previous page, solve

2-2-4_Simple2Layers_YearPrediction_fA=&

This is an exercise that is essential for understanding this lecture. Make sure you do it.
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5 Neural networks with multiple layers

In the previous section, we defined two-layer neural networks and trained them using the

stochastic gradient descent method. In this section, we will increase the number of layers.
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5.1 Class of layers

e Fach layer is implemented as a Python class.
e The activation function is an independent layer.
e We define the following;:

— Affine layer

— Sigmoid layer

— ReLU layer

— Regression error layer

— Sigmoid and cross-entropy error layer

— Softmax and cross-entropy error layer



Affine layer
Parameters: Matrxix W, Vector b
Forward propagation:

Input: Matrix X

Output:
Y=XW+b
Back propagation:
Input: Matrix dout = 8_E
pHb ~ oY

Output:
S—If/ = X" . dout
OF : :
3 = Sum of dout with respect to rows (the 0-th index)
oF T
8—X = dout - W

Since we have to use the variable X in the first line of this expression, we store it as self.x
during the forward calculation. The top two are stored as parameters self.dW and self.db,

and the bottom one is the return value.
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Sigmoid layer

Parameters:  None
Forward propagation:

Input: matrix X

Output:
1
Y =i id(X)= ——
sigmoid(X) =
Back propagation:
I t: Matrix dout O
nput: Matrix dout = —
P oY
Output:
OF

Since the output Y is needed for the backpropagation, it is stored as parameter self.y

during the forward calculation.
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ReLU layer

parameters:  None
Forward propagation:
Input: matrix X

Output:
(X <0)

0
Y = max{0, X} = {X (X > 0)

Code: Using broadcast, we can write the following

self.mask = (x > 0) # True if x>0 and False if x<=0
y = X * self.mask

Back propagation:

OF
Input: Matrix dout = —

oY
Output:

Code: dx = dout * self.mask



Regression error layer

parameters:  None

Forward propagation:
Input: Expected value Y, Correct value T’
Output: .

_ IRY : :
E = N Z(yn tn)“ (N is the batch size)

n

Code:

batch_size = y.shapel[O]
loss = np.sum((y-t) ** 2)/(2 * batch_size)

Back propagation:
Input: None Output:

oF 1

—=—(Y =T

oY N( )
Code: dy = ( self.y - self.t )/batch_size
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Sigmoid and cross-entropy error layer

parameters:  None

Forward propagation:
Input: Expected value before normalization X, Correct value T (The dimension of
each data is one)

Output:

Y = sigmoid(X)
1

E = N(—Tlog(Y) —(1=T)log(1—=Y)) (N is the batch size)

Back propagation:
Input: None Output:

o1



Softmax and cross-entropy error layer

parameters:  None
Forward propagation:
Input: Expected value before normalization X, Correct value T

Output:
Y = softmax(X)

1
E = % ; ;tn,k logyn.x (N is the batch size)

Code:

y = softmax(x)
batch_size = y.shapel[O]
loss = -np.sum(t * np.log(y))/batch_size

Back propagation:
Input: None Output:
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5.2 Exercises on Classes of layers
Notebooks:

1. 3-1-1_77 742 .ipynb
2. 3-1-2_SoftmaxWithLoss B_/REMIRE. ipynb
3. 3-1-3_EDMDE.ipynb

Notebook 1 defines a Class of Affine layers and uses numerical differentiation to check them.
Notebook 2 defines a Class of Softmax and Cross-Entropy Error layers and checks them using
numerical differentiation, but some code is missing, please fill in the code to complete it. Notebook
3 defines Classes for the other layers.

Note that in the implementation of the softmax function, as a countermeasure against overflow,

instead of 1

ao GK—1
(€. e ),
ea0+...+eaK—1

we use

1 (eao—c

eI0—C | ... | glK—1-¢ jree e (where ¢ = max{ao, - ,arx-1}).

This change does not affect the value of the function.
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Remarks on numerical differentiation

In the exercise on the previous page, we checked the correctness of the implementation by com-
paring the backpropagation of each layer with numerical differentiation. You may consider as this

means that:

Isn’t it possible to find the gradient by doing numerical
differentiation?

The answer is yes. However, since numerical differentiation requires computing forward propagation
for each component of the weight parameter, it is very computationally demanding for models with

many parameters, and is not used except for testing implementations.
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5.3 Exercises on multilayer neural networks

Notebook: 2-4_ZJ& NN(43%8) . ipynb

In this notebook, we will define a class of multilayer neural networks and train them on the MNIST

handwritten numbers dataset. Please pay attention to the following points.

e How to store layers: Have layer objects as lists

How to use the (ordered) dictionary: weighted parameters are stored in an ordered dictionary

e forward propagation

What happens when the layers become deeper?
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Challenges in neural network optimization

In the exercise on the previous page, we learned that simply increasing the depth of the layers will
result in a failure to learn. This was the reason why neural networks were considered impractical for
a long time, even though they were invented in the 1970s. In the meantime, however, improvements
have been made little by little.

In particular, the following are basic:
e Improving the Optimization Method: Alternatives to SGD
e How to set initial values for weight parameters
e Batch Regularization: A method to normalize the output of each layer with respect to the

batch

In the next three sections, we will learn more about these so that we can learn as the layers become

deeper.
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6 Improving the optimization method

In this section, we will learn about variation of the optimization method that improve the stochas-

tic gradient descent (SGD) method to make it easier to converge.

Momentum: A method that introduces ”momentum.

Nesterov’s Momentum: A method based on the ”acceleration algorithm” of the gradient
method

AdaGrad: A method that changes the learning coefficient adaptively to the gradient

RMSProp . An improved version of AdaGrad
Adam : Further improved versions of AdaGrad and RMSProp (commonly used these days)

In this lecture, we will learn about Momentum and Adam.
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Review of SGD

1. From the set of input data with correct answers, randomly select N samples (mini-batches)

X(O), e ,X(N_l), and set y(o), fe ,y(N_l) as the corresponding correct answers
N-1
1
2. For the mean of the cost function F = N Z E (f(x(”); 0), y(”)>, calculate the gradient
n=0
oF
VoE = —
Y/
with respect to the parameter 6
3. Update Parameter 0 as
oF
00— \—
00

The first is the same for all optimization methods, but the second and third vary.

Note: In section 8.3 of [Goodfellow]|, the cost function is L(f(x;0), y), which is very confusing
because it uses the same sign as the log likelihood, but the cost function is the log likelihood with
the sign reversed (if you ignore the regularization term, etc.). Parameter optimization proceeds in

the direction of minimizing the cost = maximizing the likelihood.
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Note on the magnitude of the learning coeflicient

If the learning coefficient A is too large, learning will become unstable or divergent, while if it is

too small, learning will take a long time and you will be stuck in the local optimum.

In practice, it is common to attenuate the coefficients as the learning progresses, which can be
thought of as the equivalent of looking for better parameters by looking globally with a rough mesh

at the beginning to reduce the cost function, and then looking locally with a fine mesh at the end.

Regardless of the optimization strategy, it is not possible to learn if the gradient converges to

zero or diverges. This will be discussed in the next section.
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6.1 Momentum

Algorithm of Momentum

« . Hyperparameters satisfying 0 < a < 1
v . An array with the same shape as § and with initial values of 0: “Momentum”
Execute the following until the termination condition is satisfied:
1. Same as SGD
2. Same as SGD

3. Update Parameter # and Momentum v as

V & av — )\a—E
00
0 «+—60+v
Since the third can be summarized as
oF
0 0 —A—
+— 0+ av 590

it is the same as SGD if o = 0.
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Comparison of gradient descent method’s and Momentum’s time

evolution

The result of applying the Gradient Descent method and (2 and 3 in the algorithms of ) Momentum

(10,1) to

from the initial value (z,y)

Comparison of GD’s and Momentum’s time evolution

Green: GD, Red: Momentum
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Relationship with equations of motion — why is it called ”momen-
tum”?

Momentum can be thought as an algorithm that if one step in the algorithm is considered as one

step in time, then 6 and v represent the position and the momentum of the object at time ¢, 1 — «

represents the friction coefficient, and —\— represents the. In fact, The similarity between

0
Ot +1) — 0(t) = v(t + 1)

V4 1) —v(t) = —(1 — a)v(t) — \2E

00

and the momentum

may be obvious.
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6.2 Adam

There are algorithms such as AdaGrad and RMSProp that adaptively change the learning

coefficients A for each component of the parameters as the learning progresses.

Adam (adaptive momentum) [Kingma-Ba, 2014] is considered to be a further improvement

by applying the RMSProp idea to momentum.

However, experience shows that it is often better to force the initial learning coefficients

to be changed in the middle of the process, even for Adam.
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Adam’s parameter update algorithm (original)

0< pB1 <1, 0< pB2 < 1: hyperparameters (51 = 0.9, [2 = 0.999 for example)
s, r: Array of the same shape as the parameter 6 with initial values of 0

s Pis+ (1 —B1) oo

It’s complicated, and hard to explain what it means.



Update algorithm rewritten to be easier to implement

The initial value of X is set to for example 0.001.

S+518+(1—51)%—§

OFE OF

r%/BQr—‘_(].—BQ)%*%

(t is the number of updates until then)

05 4

00 4 |

-1.0 - —— p—

-15

Example of time evolution
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6.3 Exercises on implementation of optimization methods
Notebooks:

1. 2-5-1_giE{Li&. ipynb
2. 2-5-2_EiB{bED NN AD@EHA . ipynb

Notebook 1 defines a class of optimization methods and finds the minimum value of a two-variable

quadratic function. Notebook 2 applies it to a multi-layer neural network.

In Notebook 1, there are exercises at the end. Also, please pay attention to the following points.
e Storage of parameters in the form of a dictionary with arrays as elements: for application to
NNs

e Differences in the behavior of optimization methods when applied to NNs
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7 How to set the initial values of weight parameters

A neural network has many training parameters, and their initial values in training must be
generated randomly in advance. For example, in the case of the matrix W and the bias vector b in

the affine transform
y =xW + b,

each component of W is usually taken according to a normal distribution with mean 0 with variance
o2, and each component of b is assumed to be zero.
However, when the network becomes somewhat deep (for example 5 layers or more), simply taking

the variance o2

without consideration will cause the data values in the deep layers to diverge or
become close to zero (the gradient will also converge or diverge in the same way), and learning will
not proceed appropriately. In order to avoid this, the variance of the weight parameters must be

adjusted appropriately according to the structure of the network.
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7.1 Convergence and divergence of data in the middle layers

For example, as in the following exercise, in a 5-layer network, suppose the input values from

layer 2 to layer 5 for 10000 data are represented by the following histogram.

Layer2 Layer3
10000 1 I
5000

0

25{”}-'
| N

000 025 050 075 100

Layerd Layers

10000 1 I 10000 1 I
5000 - 5000 -

- T T T T o - T T T T
000 025 050 07> 100 Qo0 025 050 O07F5 100

000 025 050 075 100

This situation is caused by the fact that the standard deviation of the distribution of the first weight
parameter is too small, and the values converge to zero as the layers progress. On the other hand,

if the standard deviation of the parameter is too large, the values will diverge.

How do you take the standard deviation to be appropriate?
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7.2 Parameter initialization strategy

He’s initial value

In the method called He’s initial value, named after the discoverer, when using ReLLU as the
activation function, if the number of neurons in the previous layer is N;—;, the variance of W in

the [-th layer is set as
2
2

o, —
N1

Note: In the case of convolutional layers, N;_1 is replaced by the number of neurons of the previous

layer used as input to one neuron in the [-th layer.

Glorot-Bengio’s initial value

In the method called Glorot-Bengios initial valuewhen using the sigmoid function as the acti-
2

vation function, the variance of W in the I-th layer is set as 07 = ——————.
Ni—1+ N,
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Why is it good to take it this way?

When the weight parameter W, follows a distribution with mean 0 and variance V;, the variance

of the data is multiplied by about N;_; x V; by the [-th layer, so we can say that if we take V] as

1
V, = ,
l Ni—1

the variance remains the same and is propagated to the next layer.
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7.3 Exercises on how to take initial values of parameters

Notebook: 2-6_¢JHMEDELD 75 . ipynb

In this notebook, we will experiment with how data propagates through the layers and implement

He’s initial values into the classes of neural networks we have created.

Please note the followings.
e Creating histograms with Pandas
e How data is propagated through the layers

e Relationship between data propagation and learning

The way to implement the initialization strategy



8 Batch normalization

Batch normalization [loffe, S., Szegedy, C., 2015] is a method to prevent gradient convergence
and explosion by normalizing the data for each neuron in each layer for mini-batches. In the
previous section, we considered how to take the initial values of the weight parameters, but batch
normalization normalizes the output of the layers. Batch normalization is now widely used even

though it is a relatively recently proposed method.
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8.1 Normalization of datasets

Although we have actually used it many times already, let’s summarize dataset normalization.

For a dataset
X = [xo,xl,xg,- . ,ZEN—l]

The mean p and variance V = o2 are calculated as

The operation to convert this to a dataset with mean 0 and variance 1 is as follows.

X —p

o

X =
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Further, we can convert it to mean 3 and variance 2 by setting

X=vxX+8.

500 500

400 400

300 300

200 200

100 100

10,000 sample data following the uniform distribution. Left: The original data on the [0, 1] interval,

Middle: The normalized one, Right: Transformed one to mean 2, variance 52 = 25.




8.2 Algorithm for batch normalization

X: output of the subject layer of shape N x K (number of data in mini-batch N, number of neurons
in layer K).
Bk array of shape (K, ), average value of the new dataset, initial components are 0.

vi: array of shape (K, ), standard deviation of the new dataset, initial components are 1.

Forward propagation

B 1 N-—-1
Ui = N Tnk
n=0
) _iN—l(aj )2
n=0
~ LTnk — Kk

€T =
nk /—’U]{; T e

Ynk = Yk Tkn + Bk

where € is a small quantity to prevent divergence, such as e = 1075.
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This transformation can be written in NumPy style as

1 = mean(X, axis = 0)
v = mean ((X — p)*, axis = 0)
X —p

Note that 8 and v are K-dimensional vectors.

Batch normalization does not work well when the number of data to be evaluated is small (for
example, when the number of data is 1, Y = ). In particular, it is normal to have 1 data when
predicting. This problem can be dealt with by using the mean and variance data during training

for testing.
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Back propagation

Backpropagation can be calculated using chain rules and computational graphs. However, it is

very complicated, so we only write the result as follows.

a—E—sum 8—E axis = ( a—E—Sle X*a—E axis = 0

op oY’ B Oy oY’ -
and oF oF

C = mean (8_Y’ ax1s:0> , d = mean <X*8_Y’ aXIS:O>

OFE v (OFE ~
a_X_E(a_Y_C_X*d)

Here, although the array shapes are different for c, d and XY, they can be calculated by broadcast.

E
This formula uses the gradient Fi% of the error E with respect to Y to calculate S—X
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8.3 Exercises on batch normalization

Notebook: 2-7_/\w FIEFE. ipynb

In this notebook, we will do some exercises on dataset normalization and implement batch normal-

1zation.

Please note the followings.
e Normalizing datasets with NumPy
e What is done in batch normalization?
e Batch normalization is one of the layers

e How do we implement the difference between training and testing?
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8.4 Exercises on optimization for deep models

Notebook: 2-8_FXEBETIDI-HDEEIL . ipynb

In this notebook, we implement and experiment with optimization methods, parameter initial-

ization strategies, and batch normalization in a neural network.

Please note the followings.
e Effectiveness of each method

e How deep can the model go?
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9 Regularization for deep models

The deeper the model of the neural network, the more likely it is to overfit. The following methods

can be used to avoid overfitting.

Parameter norm penalty: Regularization by the norm of the weight parameter

Dataset augmentation: Increase data by creating data that imitates the input dataset
Noise injection for output values: Round the output values to increase robustness
Semi-supervised learning: Use unsupervised data for training

Early stopping: Stop learning depending on the improvement of accuracy on the evaluation
dataset

Ensemble learning: Averaging predictions from multiple models

Dropout: Neuron output is not used in the next layer with a certain probability

In this section, we will discuss the parameter norm penalty and dropout. The dataset extension

will be explained in another section.
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0.1 Parameter norm penalty

In supervised machine learning, model regularization is often achieved by changing the original

cost function J of the problem to )
J=J4+ af)

(where a > 0) using some norm {2 for the parameters.

In the case of neural networks, for the coefficient matrix W and bias vector b'") of the Ith layer

in an L-layer neural network, it is common to use only W for the calculation of Q. That is,

J= a0 (W, ).

Although it is possible to change « for each layer, it is more usual to use a common « for the

entire model since it increases the search range for hyperparameters.
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L2 parameter regularization

Regularization

L
J=J+a) W2

=1

using the L2 norm of the coefficient matrix

L L
T
Q= WP =>w® (W) =sumw®«w)
=1

=1

is called L2 parameter regularization (or simply L2 regularization). In other fields, L.2 regularization

is sometimes referred to as ridge regularization or Tikhonov regularization.

The partial derivative of Q with respect to W® can be easily calculated as

of)

G = 20w
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L1 parameter regularization

Regularization

(where ’W(l)‘ is the sum of the absolute values of all components of the matrix W) is called L1

parameter regularization (or simply L1 regularization). Linear regression with L1 regularization is
also called LASSO (Least Absolute Shrinkage and Selection Operator).

The partial derivative of Q with respect to W) can be calculated as

o)

S = o sign W

(where sign x is the function that takes the sign of x, and when x is a matrix, it is applied to each
of the components).
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Sparsification effect of L1 regularization

A set of values is said to be sparse if many of the values are zero. Comparing the L2 regularization
with the L1 regularization, the L1 regularization has the effect of making the parameters sparse.
The figure below shows L2 regularization and L1 regularization for a model minimizing the objective

function f(w1,ws) = (w1 — 3)* 4+ 4(w2 — 6)*, where the solution of L1 regularization is w; = 0.

L
L4 .
KA
4"
”’I
N .
. . g .~
. N
ol2" -
YI's ~ ’
. S .
< .
. 7
x .~ ’ ‘.
S
> N v
s,
1

L2 regularization and L1 regularization
Left: Case of adding w? + w3 as a regularization term, Right: Case of adding 10(Jw1| + |w2]),
Black dashed line: Contour line of f, Red dashed line: Contour line of the regularized term,

Solid black line: Contour line of the regularized function

Small point: original minimum point, Large point: minimum point when regularization term is added
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9.2 Dropout

Dropout [Srivastava, N. et al., 2014] is a technique to improve the training of neural networks. It
is a method where during training, a neuron is erased (masked) for each data in each layer where
dropout is applied at a given rate p, and during inference, no mask is applied but instead the
output value of each layer where dropout was applied is multiplied by 1 —p. It is thought to imitate
ensemble learning by changing the way neurons are eliminated for each data, and is widely used to

improve generalization performance.
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Algorithm for Dropout
p: probability of setting the output value to zero, one of the hyperparameters
Input: output of the layer Xnxx (IN: batch size, K: number of neurons)

Forward propagation
Mask M: Array of the same shape as X with each component taking the value 0 with probability

p and 1 with probability 1 — p, independently.

)X« M (during training)
| X «(1—p) (during prediction)

Back propagation

OE _OE 0Y _ OE

ox oy fax —av M

86



0.3 Exercises on dropout

Notebook: 2-9_KFOw 777 bk .ipynb

In this notebook, we will do some exercises on dropouts.

Please note the followings.
e How to implement the mask M: each component takes 0 with probability p and 1 with
probability 1 — p
e Computation for back propagation

e Computation during prediction
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9.4 Comprehensive exercises on regularization

Notebook: 2-10_1EBIMLICBI T B7EE . ipynb

In this notebook, we summarize the previous exercises on neural networks with batch regu-

larization, dropout, L2 regularization, and L1 regularization.

Please note the followings.

1. How to design a network to improve accuracy (this is a difficult question)
2. Why does changing the learning coeflicient to a smaller value during training improve

accuracy’

Note on point 2: It is considered to be corresponding to searching for good parameters
by looking globally with a rough mesh at the beginning so that the cost function becomes

smaller, and then looking locally with a fine mesh at the end.
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