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Abstract

A geometric approach to the equation found by Hietarinta and Viallet, which
satisfies the singularity confinement criterion but which exhibits chaotic behavior, is
presented. It is shown that this equation can be lifted to an automorphism of a certain
rational surface and can therefore be considered to be the action of an extended Weyl
group of indefinite type. A method to construct the mappings associated with some
indefinite root systems is presented. A method to calculate their algebraic entropy by
using the theory of intersection numbers is presented. It is also shown that the degree
of the n-th iterate of every discrete Painlevé equation in Sakai’s list is at most O(n?)
and therefore its algebraic entropy is zero.



1 Introduction

The singularity confinement method has been proposed by Grammaticos, Ramani and Pa-
pageorgiou [1] as a criterion for the integrability of (finite or infinite dimensional) discrete
dynamical systems. The singularity confinement method demands that when singularities
appear due to particular initial values such singularities should disappear after a finite
number of iteration steps, in which case the information on the initial values ought to be
recovered (hence the dynamical system has to be invertible).

However “counter examples” were found by Hietarinta and Viallet [2]. These mappings
satisfy the singularity confinement criterion but the orbits of their solutions exhibit chaotic
behavior. The authors of [2] introduced the notion of algebraic entropy in order to test
the degree of complexity of successive iterations. The algebraic entropy is defined as
s := limy, o log(dy,)/n where d,, is the degree of the n-th iterate. This notion is linked
to Arnold’s complexity since the degree of a mapping gives the intersection number of
the image of a line and a hyperplane. While the degree grows exponentially for a generic
mapping, it was shown that it only grows polynomially for a large class of integrable
mappings [2, 3, 4, 5].

The discrete Painlevé equations have been extensively studied [6, 7]. Recently it was
shown by Sakai [8] that all of (from the point of view of symmetries) these are obtained
by studying rational surfaces in connection with the extended affine Weyl groups.

Surfaces obtained by successive blow ups [9] of P2 or P! x P! have been studied by
several authors by means of connections between the Weyl groups and the groups of
Cremona isometries on the Picard group of the surfaces [10, 11, 12]. Here, the Picard
group of a rational surface X is the group of isomorphism classes of invertible sheaves
on X and it is isomorphic to the group of linear equivalent classes of divisors on X. A
Cremona isometry is an isomorphism of the Picard group such that a) it preserves the
intersection number of any pair of divisors, b) it preserves the canonical divisor Kx and
c) it leaves the set of effective classes of divisors invariant. In the case where 9 points (in
the case of P2, 8 points in the case of P! x P!) are blown up, if the points are in general
position the group of Cremona isometries becomes isomorphic with an extension of the
Weyl group of type Eél). In case the 9 points are not in general position, the classification
of connections between the group of Cremona isometries and the extended affine Weyl
groups was first studied by Looijenga [13] and more generally by Sakai. Birational (bi-
meromorphic) mappings on P? (or P! x P!) are obtained by interchanging the procedure
of blow downs. Discrete Painlevé equations are recovered as the birational mappings
corresponding to the translations of affine Weyl groups.

Our aim in this paper is to characterize some birational mappings which satisfy the
singularity confinement criterion but exhibit chaotic behavior from the point of view of
the theory of rational surfaces. Considering one such mapping and the space of its initial
values, we obtain a rational surface associated with some root system of hyperbolic type.
Conversely, we recover the mapping from the surface and consequently obtain the exten-
sion of the mapping to its non-autonomous version. It is important to remark that this
method also allows the construction of other mappings starting from suitable extended
Weyl groups. We also show some other examples of such constructions. We also present



a method to calculate the degree of the n-th iterate for a mapping. We show that for all
discrete Painlevé equations, the degrees grow at most as O(n?).

In Section 2, we start from one of the mappings found by Hietarinta and Viallet (we
call it the HV eq. in this paper) and construct the space such that the mappings is lifted
to an automorphism, i.e. bi-holomorphic mapping, of the surface. The mapping ¢’ is
called a mapping lifted from the mapping ¢ if ¢’ coincides with ¢ on any point where ¢ is
defined. For this purpose we compactify the original space of initial values, C?, to P! x P!
and blow up 14 times.

In Section 3, we study the symmetry of the space of initial values. We show that the
group of all the Cremona isometries of the Picard group of the surface is isomorphic to
an extended Weyl group of hyperbolic type. As a corollary, we prove that there does not
exist any Cremona isometry whose action on the Picard group commutes with the action
of the HV eq. except the action itself.

In Section 4, we show a method to recover the HV eq. from the surface as an element
of the extended Weyl group. Each element of the extended Weyl group which acts on
the Picard group as a Cremona isometry, is realized as a Cremona transformation (i.e. a
birational mapping) on P! x P! by interchanging the blow down structure. Here, a blow
down structure is the sequence designating the procedure of blow downs. As a result of
this we obtain the non-autonomous version of the equation.

In Section 5, we show a method to calculate the degree of the n-th iterate of the
mapping which is lifted to an isomorphism of a suitable rational surface. Considering the
intersection numbers of divisors it is shown that the degree is given by the n-th power of
a matrix given by the action of the mapping on the Picard group. Applying this method
for discrete Painlevé equations, we show the degrees of the n-th iterate are at most O(n2).

In Section 6, we discuss the construction of other mappings from certain Weyl groups
and show some examples.



2 Construction of the space of initial values by blow ups

We consider the dynamical system written by the birational (bi-meromorphic) mapping

p: C? — C?

() = G )=o) 0

where a € C is a nonzero constant. This equation was found by Hietarinta and Viallet [2]
and we call it the HV eq.. To test the singularity confinement, let us assume zg # 0 and
yo = € where |e| < 1. With these initial values we obtain the sequence:

i) = X9

1 =Y = €

To =Y = ae_Q—xo—l—e

r3=19ys = ae 2 —x9+atet +0(9)
ry=y3 = —e+2a et +4x0a728 +O()
Ts5 =Y4 = X +36+O(62)

T =1Ys = (ax52 + x9) + O(e)

In this sequence singularities appear at n = 1 as ¢ — 0 and disappear at n = 4 and the
information on the initial values is hidden in the coefficients of higher degree . However,
taking suitable rational functions of x, and ¥, we can find the information of the initial
values as finite values. The fact that the leading orders of (z2y; —a)y1, (z3(y2/xe —1)% —
a)re and (r3y3 — a)zs become —axg, —azy and —axg actually suggests that the HV eq.
can be lifted to an automorphism of a suitable rational surface (although these rational
functions are of course not uniquely determined).

Let us consider the HV eq. ¢ to be a mapping from the complex projective space
PL(C) x PY(C) (= P! x P1) to itself. We use the terminology space of initial values
as follows (analogous to the space of initial values of Painlevé equations introduced by
Okamoto[14]).

Definition. . A sequence of algebraic varieties X; is (or X; themselves are) called the
space of initial values for the sequence of rational mappings y;, if each ¢; is lifted to an
isomorphism from X; to X1, for all 4.

Our aim in this section is to construct the surface X by blow ups P' x P! such that ¢
is lifted to an automorphism of X, where the mapping ¢’ is called a mapping lifted from
the mapping ¢ if ¢’ coinsides with ¢ on any point where ¢ is defined.

2.1 Regular mapping from Y; to P! x P!

Let the coordinates of P! x P! be (z,%), (x,1/y), (1/x,y) and (1/z,1/y) and let z = oo
denote 1/x = 0. We denote the HV eq. as

ot (z,y)— (T.Y) =y, —z+y+a/y’) (2)



where (T,7) means the image of (z,y) by the mapping. This mapping has two indeter-
minate points: (z,y) = (00,0), (00, 00). By blowing up at these points we can ease the
indeterminacy.

We denote blowing up at (z,%) = (0, yo) € C?:

{(z,y) : x,y € C}

H(z0,90) {(x — X0, Y — Yo; Cl : C2) ‘ x7y7<17 CQ €eCAh (y - yO)Cl - (3} - 37())(2}
= {(@—20,Q/Q 2,0, eCAG #0FU{(C/C; y—wo | y,¢,¢ e CAG#0}
by

(z,y) — (x — 20, (¥ — o)/ (7 — 20)) U ((z — 70) /(¥ — Y0), ¥ — Yo)- (3)

In this way, blowing up at (z,y) = (2o, yo) gives meaning to (x —xz¢)/(y —yo) at this point.

First we blow up at (z,y) = (00,0), (1/z,y) < (1/z,zy) U (1/xy,y) and denote the
obtained surface by Yy. Then ¢ is lifted to a rational mapping from Yy to P! x P!. For
example, in the new coordinates ¢ is expressed as

)
)

This maps the exceptional curve at (z,y) = (00,0) , i.e.u; = 0 and ve = 0, almost to
(Z,7) = (00, 0) but has an indeterminate point on the exceptional curve: (ug,vs) = (0,0).
Hence we have to blow up again at this point. In general it is known that, if there is a
rational mapping X — X’ where X and X’ are smooth projective algebraic varieties, the
procedure of blowing up can be completed in a finite number of steps, after which one
obtains a smooth projective algebraic variety Y such that the rational mapping is lifted
to a regular mapping from Y to X’ (theorem of the elimination of indeterminacy [9]).

Here we obtain the surface Y; defined by the following sequence of blow ups. (For
simplicity we take only one coordinate of (3).)

(0,0) 1 0o (1
(,y) —— |(—y)e—(—, 2y
M1 Ty ©2 Ty
a 1 1
L9 (—, wy(zy® — a)) L9 (—, 22y (vy? — a))
Ty Ty

H3 Ha
el e CRCEY)
Ko Ty K10 x Yy

where p; denotes the i-th blow up. Of course the above sequence is not unique since there
is freedom in choosing the coordinates.

(wrv1, (—urvf + uiv} + a)/(uiv?))

(va, (—v2 + ugvi + aug)/(ugv3)

(ur,v1) == (Y/w,zy) — (T
(uz,v2) == (1/zy,y) — (T

'Y
'Y

~

2.2 Automorphism of X

We have obtained a mapping from Y; to P! x P! which is lifted from ¢. But our aim is to
construct a rational surface X such that ¢ is lifted to an automorphism of X.



First we construct the rational surface Y5 such that ¢ is lifted to a regular mapping
from Y5 to Yj. For this purpose it is sufficient to eliminate the indeterminacy of mapping
from Y7 to Y;. Consequently we obtain Y5 defined by the following sequence of blow ups.

(2eG-0) SF GG -0) e (Fe—oG )

(0,a) 1 2, xgz_ 2_,
fi13 <x2(m/y—1)’x (y 1 (y 1 ))

(0,0) 1 4T 23t o2y,
Hra <w2($/y—1)’x (y D (y b ))

Next eliminating the indeterminacy of mapping from Y5 to Y5, we obtain Y3 defined
by the following sequence of blow ups.

at (0,00) 1 (0,0 5 1

(3;7 y) Z, — 'y, —

M5 Ty M6 Ty

a 1 1
L0 (aplaty o) L (2 - ), )

,—
wr Ty u8 Ty

It can be shown that the mapping from Y3 to Y3 which is lifted from ¢ does not have
any indeterminate points.
To show this, let us define the total and proper transforms.

Definition. Let S be the set of zero points of A,.; fi(u,v) = 0, where (u,v) € C? and
the {f;}icr is a finite set of polynomials, and let U; : (u1,v1) and Us : (ug,v2) the new
coordinates of blow up at the point (u,v) = (a,b), i.e. (u1,v1) = (u—a, (v—>b)/(u—a)),
(ug,v2) = ((uw —a)/(v—">),v—0b). The total transform of S is

{(u1,v1) € Uy; /\fi(ul + a,u1vy +b) = 0} U {(uz, v2) € Uz; /\fi(u2v2 + a,vy 4+ b) = 0}

K K

and the proper transform of S is

filur + a,urv1 +b filuogvo +a,vo + 0
{(u1,v1) € Ul;/\ i — ) =0} U{(ug,v2) € UQ;/\ il — ) =0}
% U1 i )
where m or n is the maximum integer simplifying the respective equations for u; or ve

respectively.

For example, by blowing up at (u,v) = (0,0), the total transform of v = 0 is {(u1,v;1) €
Ur;ur = 0} U {(ug,v2) € Us;ugvy = 0} and its proper transform is {(u1,v1) € U;1 =
0}(: ¢) U {(UQ, ’1)2) € Us;ug = 0}.

We denote the total transform of the point of the i-th blow up by F; and denote the
proper transform of the exceptional curves of the i-th blow up by

D07D17D27CO - E47D37D47 D5,Cl - E87D67D127D77 D87D9702 - E14' (4)



Figure 1:

Moreover we denote the proper transforms of t =0, z =00, y =0, y = 00 as

C37D107C47D11 (5)

(See Fig 1.)
The proper transforms of Cy, Dy, D1, Dy and Cj are written as

Cy: (z,y)=(2,0)

Dy : (uy,v1) = (u1,0)
Dy (ug,v9) = (0, v2)
Dy (us,v3) = (0,v3)
Co: (u4g,v4) = (0,v4)

where u; and v; are the new coordinate of the i-th blow up (more precisely, these express
the total transforms of curves and we have to write each curve by using the coordinates
of the last blow up but this makes the notation rather complicated) and therefore the

relations



x=1/(ugv), y=v1,

Uy = ug, V1 = U202,
Uy = ug, vy = u3zvs + a,
U3z = Ug, V3 = U4V4

hold. The proper transforms of Cy, D5, Dy, D3 and C3 are written as
Cy:  (us,vs) = (us,0
Dy (ug,v7)
Dy:  (ug,ve) = (ug, 0
D3 (us,v5) =
Cs: ($7 1/3/) = (07 1/3/)

and the relations

ug = uy /vy, vg = vy,
u7 = (ug —a)/ve, v7 = ve,
ug = us/vs, vg = Us,
us =, vs = 1/(zy)

hold.

Using these relations one can calculate the images of the curves. Foe example, in the
case of Cy: From the above relations and (2) we can calculate (ug, vg) using initial values
corresponding to C] as

_ Y
OB = (o4 natrP ot s
(ra)=(0) @ =2y + 4%/ |(24)=(2,0)
= (—d’z,0)
This then implies that the image of Cy (= Cy) is Cj.
Analogously, from the equation

(U_7, ’U_7)|(U1,’U1):(U1,0)
(=1 +urvd)(aug — v1 +ugv3) Uv1

( u? Tauy — v, + ulvi’)

- (9

which implies Dy = Ds. In this way we can show that

(D07 D17 D27 D37 D47 D57 D67 D77 D87 D97 D107 D117 D127 COa Clv 027 C4) (6)
- (D57 D47 D37 D77 D87 D97 D67 DOa Dla D27 Dlla D127 D107 C37 027 COv Cl)

(u1,v1)=(u1,0)

It is obvious that this mapping has an inverse (the mapping lifted from ©~!). Hence
we obtain the following theorem.

THEOREM 2.1 The HV eq. (1) can be lifted to an automorphism of X (=Y3).



3 The Picard group and symmetry

3.1 Action on the Picard group

We denote the (linear equivalent classes of) total transform of x = constant, (or y =
constant) on X by Hy (or H; respectively) and the (linear equivalent classes of) total
transform of the point of the i-th blow up by E;. From [9] we know that the Picard group
of X, Pic(X), is

PlC(X) =ZHy+ZH{+7ZFE1+ - -+ ZFE14

and that the canonical divisor of X, K, is
KX :—2H0—2H1—|—E1—|—"'—|—E14

It is also known that the intersection form, i.e. the intersection numbers of pairs of base
elements, is

Hi-Hj=1-06;j, Ep-Ej =61, Hi- Ep=0 (7)

where 6; ; is 1 if ¢ = j and 0 if ¢ # j, and the intersection numbers of any pairs of divisors
are given by their linear combinations.

Remark. Let X be a rational surface. It is known that Pic(X), the group of isomorphism
classes of invertible sheaves of X, is isomorphic to the following groups.

i)The group of linear equivalent classes of divisors on X.

ii)The group of numerically equivalent classes of divisors on X, where divisors D and D’
on X are numerically equivalent if and only if for any divisors D" on X, D-D" = D’- D"
holds.

Hence we identify them in this paper.

The (linear equivalent classes of) prime divisors in (4), (5) as elements of Pic(X) are
described as

CO = E4, Cl = Eg, Cg = E14, Cg = HO — E5, C4 = H1 — E1 (—1 curve)
Dy = F1—FE3, D1 = Ey—F3, Dy = E3—FEy4, D3 = E5—FEg, Dy = Eg—FE7, D5 = E7—Eg,
D¢ = Ey — Eyg, Dy = E11 — By, Dg = E19 — Ey3, D9 = Ey3 — E14 (—2 curve)
Dyy=Hy—E\—Ey—Ey, Dy1 = Hi— E5 — Eg— Eg, D13 = E1g— E11 — E12 (—3 curve)

where by n curve we mean a curve whose self-intersection number is n. See Fig.2.
The anti-canonical divisor —Kx can be reduced uniquely (see appendix A) to prime
divisors as

Do + 2D+ Dy + D3 + 2Dy + D5 + 3Dg + D7 + 2Dg + Dg + 2D1g + 2D11 + 2D12  (8)

and the connection of D; are expressed by the following diagram.



E13-E14
ES
E9-E10
H1-E5-E6-E9
E6-E7 y=inf

E11-E12
E7-E§ E10-E11-E12 E12-E13 o13
x = inf | HO-E1-E2-E9
HO+H1-E9-E10-E11
HO-E5 -
o 12 E3-E4 E4
H1-E1 E2-E3
=0 % E1-go
M
Figure 2:
Dg Dg Dy
T Ds T Dio T D, O —2 curve
e —3 curve
O ° O ° O O intersection
D3 Dy Diy1 Dg Dig D1 Dy )
The HV eq.(1) acts on curves as (6). Hence the HV eq. acts on Pic(X) as
Hy 3Ho+ Hy — E5 — Eg — E7 — Eg — Eg — Eqg
Hy, FEi, E» Hy, Ho— Es, Ho— E7
Es, FEi, Es5, Esg — Ho— Es, Ho— E5, Ei1, Ep2 (10)
E7, Eg, Eg9, Ei E13, FEv, Ho— Ei, Ho— Ey

E11, FEi2, Ei3, Eiy

E17 E27 E37 E4

(thiS table means FO =3Hy+ H— Es— Eg— E7— Eg— E9g— FEqp, E = Hy, E_1 = Hy— FEg
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and so on) and their linear combinations.

Remark. Let 6 be an isomorphism from the rational surface X to the rational surface
X'. Let D be a divisor and [D] its class. The class of 6(D) coincides with the class
0([D]) € Pic(X’) and the action of # on Pic(X) (= Pic(X’)) is linear.

Notice that (10) means a change of bases. Actually by fixing the basis of Pic(X) as
{Ho, H1, E1, Es, - - -, E14}, this table can be expressed by the following matrix as the action
from the left hand side on the space of coefficients of basis.

3 1 1 1 1 1 0 0 0 0 1 1 0 0 0 O
1 0 0 0 0 o 0 0 0 0 O 0o 0 0 0 O
0o 0 O 0 0 o 0 0 0 0 O 0 1 0 0 O
0o 0 O 0 0 o 0 0 0 0 O 0o 0 1 0 O
0o 0 O 0 0 o 0 0 0 0 O 0o 0 0 1 0
0o 0 O 0 0 o 0 0 0 0 O 0 0 0 0 1
-1 0 0 0 0 -1 0 0 0 0 O 0o 0 0 0 O
-1 0 0 0o -1 0 0 0 0 0 O 0o 0 0 0 O (11)
-1 0 0 -1 0 o 0 0 0 0 O 0o 0 0 0 O
-1 0 -1 0 0 o 0 0 0 0 O 0o 0 0 0 O
-1 0 0 0 0 o o0 0 0 O0O O -1 0 00O
-1 0 0 0 0 o o000 O0 -1 0 00 O0O0
0o 0 O 0 0 0O 1 .0 0 0 O 0o 0 0 0 O
0o 0 O 0 0 o 0 1 0 0 O 0o 0 0 0 O
0o 0 O 0 0 o 0 0 1 0 O 0o 0 0 0 O
0o 0 O 0 0 o 0 0 0 1 O 0o 0 0 0 O

As we will see in Section 5, the action (10) (or (11)) provides a method to calculate
the algebraic entropy of the HV eq.

3.2 Cremona isometries and the root system

Defnition. An automorphism s of Pic(X) is called a Cremona isometry if the following
three properties are satisfied:

a) s preserves the intersection form in Pic(X);

b) s leaves Kx fixed;

c) s leaves the semigroup of effective classes of divisors invariant.

In general, if a birational mapping can be lifted to an isomorphism from X to X’ by
blow ups, its action on the resulting Picard group is always a Cremona isometry. We will
show that the group of Cremona isometries is an extended Weyl group of hyperbolic type.
In the next section we will show these Cremona isometries can be realized as Cremona
transformations, i.e. birational mappings, on P! x P!,

LEMMA 3.1 Let s be a Cremona isometry, then
¢’) s is an automorphism of the diagram(9).

Proof. First we show that for any i € {0,1,---,12} there exists j € {0,---,12} such
that D; = s(D;). Notice that —Kx can be uniquely reduced to prime divisors in the

11



form —Kx = >, m;D; (see (40)) and the condition b). We have s(—Kx) = —Kx =
Y- mis(D;), where all s(D;) are effective divisors due to the condition ¢) (and moreover
D; - D; = s(D;) - s(D;)). By the uniqueness of decomposition of —Kx, we have that for
any 4 there exists j such that D; = s(D;) and m; = m;. According to this fact and the
condition a) we have the lemma. (Another proof is shown in [8, 13]) O

Let us define < D; > and < D; > as

12
< D;>=) D
1=0

and
< D >*={aePic(X);a-D;=0fori=0,1,---,12}.

LEMMA 3.2 The Cremona isometry s leaves < D; >1 invariant.

Proof. Let a €< D; >*. By the condition ¢’) we have that for any i € {0,---,12}
there exists j € {0,---,12} such that s(a) - D; = s(«) - s(Dj) = a- D; = 0. It implies
s(a) €< D; >+ O

In this case < D; >+ can be written as
< D; >l:< o >:= Lo + Zao + Zag

where

a1 2H1—E1—E2—E3—E4,
Qg = 2H0 - E5 - E6 - E7 - Eg, (12)

a3 = 2Ho+2H, —2Ey — 2F19 — E11 — E1o — F13 — Eyg.

We consider < «; > with the intersection form to be a root lattice with a symmetric
bilinear form. Let us define the transformation w;(i =1,2,3) on < «; > as

;-

wi(a) =a —2 o (13)

(67 Ne7
for o €< a; >. The transformation w;(a;) has the form w;(a;) = a; — ¢;j04, where
cij = 2(a; - o) /(e - o), and the matrix ¢;; becomes a generalized Cartan matrix. Here,

the generalized Cartan matrix and its Dynkin diagram are of the hyperbolic type Hﬁ’)
[15] as follows:

o3
2 -2 -2 v
—2 2 -2 and %N (14)
-2 -2 2 S
(65} a9

12



Hence the group W generated by the actions wi, we, ws, is a Weyl group of hyperbolic
type. The extended (including the full automorphism group of the Dynkin diagram) Weyl
group, W, is generated by

{w1, wa, w3, 012, 013} (15)

and the fundamental relations:

2_ 2 _ 3 _
w; =015 = 1, (012013) =1,
O12W1 = W2012, O12W2 = W1012, O12W3 = W3012 (16)

013W1 = w3013, 013W2 = W2013, 013W3 = W1013

where the action of o135 or 013 on < «; > is defined by the exchange of indices of «ay; the
action of oq; and wy on a; can be summarized as follows:

oj(a;) and w(oy)

012 | 013 w1 w2 w3
a1 — | as | ag —Q a1 + 209 | a1 + 2a3 (17)
o — | a1 | ag | ag + 201 —Q9 a9 + 203
ag — | ag | a1 | a3+ 201 | ag + 22 —ag

Moreover, by the following property we have the fact that the group of Cremona
isometries is included in £W.

PROPOSITION 3.3 ([16] §5.10) If the generalized Cartan Matriz c;;j is a symmetric
matriz of finite, affine, or hyperbolic type, then the group of all automorphisms of < c; >
preserving the bilinear form is £W.

Remark. If s is a Cremona isometry, then —s can not satisfy the condition c).

Next we consider uniqueness for the extension of action of W to the action on Pic(X).

LEMMA 3.4 Let s and s’ be Cremona isometries such that the action of s is identical to
the action of s’ on < a; >, then s = s’ as Cremona isometries, i.e. s is identical to s’ as
an automorphism of Pic(X ).

Proof. Let s and s’ be Cremona isometries such that the actions of s is identical to the
action of s’ on < a; >. The actions of s’ 0 s~ on < a; > is the identity.

We investigate where the exceptional divisor F, is moved by the action of s’ 0 s7*. In
{D;;i=0,---,12}, only D5 has an intersection with E4. By the condition c’), s'os~1(D5)
is Do, Do, D3, D5, D7 or Dg and only s’ o s7!(D5) has an intersection with s’ o s71(Ey) in
{s'os71(D;); i=0,---,12}.

i) Assume s’ 0s71(D3y) = Dy. s'0s~!(E,) has an intersection only with Dy in {D; ;i =
0,---,12} (this condition on the coefficients of basis of Pic(X) can be considered to be

1

13



a system of linear equations of order 13). Then we have the general solution with three
integers z1, 22, 23:
s'os Y Ey) = By + 2100 + 2000 + 2303.

Multiplying this equation by s’ o s7*(c;) = a;, we have the system of linear equations:

1—4Z1—|—4Z2—|—4Z3 = 1
04421 — 420+ 423 =
04421 +420—42z3 = 0

It implies s’ 0 s71(E,) = Ej.

ii) Assume s’ 0 s7(Dy) = Dy. We have s' 0 s71(Ey) = (Hy — E1) + 2101 + 2200 + 2303.
Multiplying this equation by s’ o s7!(a;) = «;, one has that this equation does not have
integer solutions.

iii) The other cases. s’ o0s~(Dy) = D3, D5, D7 or Dg implies s'os 1 (Ey) = L+ 2101 +
zoaig + z3ag, where L = Hy — E5, Eg, Hy+ Hy — Fg — F1g — E11 or Ey4 respectively. This
implies that this equation does not have integer solutions.

According to i),ii) and iii) s’ 0 s71(E,) = E; and s’ 0 s71(Ds) = Ds.

Analogously we have s'os™(H; — Fy) = H; — F; and s'0s™1(Dg) = Dg and so on. Due
to this fact and the condition c’), s’ o s7! must be the identity as an Cremona isometry.
This implies the lemma. U

Next we consider the extension of actions of elements of W on < «; > to the actions
on Pic(X). Let us define o; j (1 =1,2,3j=1,2) as

a1 = Hy — By — Ey, a1 = Hy — FEy — E3,
az1 = Hy— E5 — Er, ago = Hy— Eg — Ex, (18)
azy = Ho+ Hy — Fg — F1g— F11 — Fy, a3z = Ho+ Hy — Eg — F1g— F12 — Ei3

and define the action of a; ; (i =1,2,3j=1,2) on o €< ; > as
’U)Z"j(Od) = — 27A A .Oéz"j

It is easy to see that w;(a) = w;1 o w;2(a) = w;2 0 w; (). We define the action of
w; on D €Pic(X) as w;(D) 1= w; 1 ow;2(D) = w; 20w, 1(D). These actions are explicitly
written as follows (See Fig.2). (For brevity we did not write the invariant elements under
each action.)

. Hy, Ho+2H, — E1 — Ey — E3— E4

hE (El, Ey, Es, E4)—><H1—E4, Hy, — E5, Hy — Ey, H1—E1)
) Hl, 2H0—|—H1—E5—E6—E7—E8

w2 <E5, Eg, Er, ES)—><HO_E87 Hy— E7, Ho— Eg, Ho—Es)

ws - ( Hy, Hy, E9, E1g ) . ( Ho + a3, Hy+ a3, Eg+ a3, Eip+ a3 )
' Ev1, Ei, Er3, E1g Ei1+a31, Eio+a3p, Fi3+a3g, Eua+aszq
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We define the action of 012 and 013 on Pic(X) as follows.

oo Hy, Hy, Ei, E3, E3 . Hy\, Hy, E5, FEg FE7
2 Ey, Es, Es, Er, Eg Es, Ei, By, Ejs E,

Hy, Ei, E Ho+ Hy — Ey — Ev, FE11, Er2 (20)
013 Es, E4, E9, Ei — | FEi3, FEiu, Ho— Ey, Ho— Ey
Ev1, Eia FEis, Euu E\, E>, E3, FE4

By direct calculation, it is easy to check that each w; (or oy;) expressed by (19) (or
(20) resp.) acts on < «a; > as (13) (or as the exchanges of indices of «; resp.) and that
they satisfy the fundamental relations (16) (the later property is of course guaranteed by
the uniqueness of extension of W) Moreover it is also easy to check that the actions of
all elements of W on Pic(X) satisfy the conditions a),b) and ¢’).

THEOREM 3.5 The group of Cremona isometries of X is isomorphic to W, where W
is generated by {wi, wa, w3, 012,013} and the fundamental relations (16). The actions of
elements of W on Pic(X ) are given by (19) and (20) and their composition.

To show this theorem, it is enough to show that (19) and (20) satisfy the condition c).
For this purpose, it is enough to realize them as isomorphisms from X to X’, where X
and X’ have the same semigroup of classes of effective divisors. We show this fact in the
next subsection.

From (19) and (20) it is straightforward to show that the action of the HV eq. on
Pic(X) is identical to the action of wy 0 013 0 019.

COROLLARY 3.6 There does not exist any Cremona isometry of X whose action on
Pic(X ) commutes with the action of the HV eq. except (wg 0 013 0 012)™, where m € 7Z.

Proof. In this proof we denote 012 or 013 by 02 or o3 respectively and omit the symbol of
composition o. Each element of W can be uniquely written in the form

Wi Wiy - - W4, S

n

where all indices of w (or o) are considered in Mod 3 (or 2 resp.) and i; # 441 and
se€{l,04,0j0j41,050j410;}. Assume g = w; w;, - - -w;,s commutes with wyo30s.
i) The case of s = 1. According to the relation

W20302Wi; Wiy * « * Wy, = Wiy Wiy * - Wy, W20302,

n
we have the relation
’ll)2’ll)i1+1wi2+1 c Wy, 410302 = ’U)Z‘l’wi2 c Wy, W0309.

It implies i1 = 2,19 =3,---,i, = n+ 1,2 = n 4+ 2 and therefore there exists the integer
m such that n = 3m. On the other hand (w20302)%™ = wow3 - --wy11. It implies g =
(wao302)3™.

15



ii) The case of s = 0309 or ga03. Similar to the case i), n must be n = 3m + 1 or
n = 3m + 2 respectively and g becomes (wqo302)".
ili) The case of s = 0;. Suppose j = 2. According to the relation

W20302Wi, Wiy, * * * Wy, 02 = Wiy Wiy * * * W5, 02W203072,
we have the relation
WoWiq +1Wip41 * * W5, 4103 = Wiy Wy, * * - Wi, W1020302.

It implies o3 = 090309 but this is a contradiction. Similarly s = o3 is impossible.
v) The case s = 0j0j410;. Suppose j = 2. Similar to the case iii), we have the relation

W2Wiy 41 Wig41 * + * Wiy, 4102 = Wiy Wiy * + * W5, W30203020302.

It implies 09 = 0903020305 and hence 1 = 03090302 which leads to a contradiction.
Similarly it can be shown that s = 30903 is impossible. U
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4 The inverse problem

A birational mapping is called a Cremona transformation. One method for obtaining
a Cremona transformation such that its action on Pic(X) is a Cremona isometry is to
interchange the blow down structures, i.e. to interchange the procedure of blow downs.
Following this method, we construct the Cremona transformations on P! x P! which yield
the extended Weyl group (15), (16) and thereby recover the HV eq. from its action on
Pic(X).

An element of W is an automorphism of Pic(X) but does not have to be an automor-
phism of X itself, i.e. the blow up points can be changed with a transformation satisfying
the condition a),b) and c) in Section 3.2. In order to do this, one has to consider not only
autonomous but also non-autonomous mappings.

By ag, a1, a9, as, a4, as,ag or ay; we denote the point of the 10,3,4,7,8,11,13, 14-th
blow up or the corresponding coordinates and we call them “the parameters”. In short
these points can be expressed as follows:

(2oo?) = o) (vt - an) = 000
() = a0 (anlay a0 L) = (as,0)

1
(— E) = (0,ap)), where we normalize ag to be a9 =1,

z'y
1 T - a 1 ol T w2 ) — "
<E’x(§_1)) _(07 5)7 <1‘(£L’(§—1)—a5)7 ( (y 1) 5) > (07 6)7
1 T ) —a)dz@@ -1 —as)?—a =(0,a
<“f(fﬂ(§—1)—as)’x(x(y D 5){ g =1~ ) 6}> (% an),

where a; € C and a1, ag, ag are nonzero.

The point of the 2,6, 12-th blow up is determined by intersection numbers. Moreover
the point of the 1,5,9, 10, 11-th blow up can be fixed by acting with a suitable automor-
phism of P! x P!, i.e. a Mobius transformation of each coordinate combination with an
exchange of the coordinates. We call this operation “normalization”. It can also be seen
that we can normalize a5 = 1 except the case a5 = 0. .

In this section we consider a realization of the generating elements of W as Cremona
transformations which can be lifted to isomorphisms from X to X, where X is the same
rational surface as X except for a difference in parameters.

First we realize the action of w9 as a Cremona transformation on P! x P!

4.1 The calculation of interchanging the blow down structure

In the following we shall present a scheme in which the blow down structure is changed.
This method is based on the following fact:

17



By F), we denote the n-th Hirzebruch surface with the coordinate system

1 1 1

" OTLA U ~° ~n A
Sl inhtoNep:
Blowing up the n-th Hirzebruch surface at the point (1/0), O"A) = (0,0) and blowing

down along the line 1/ = 1/(Q"*'A) = 0, we obtain the n + 1-th Hirzebruch surface
as follows:

(0,4)U (0, 5) U ) (21)

(O,2) VO, %) U(g,0"A) U(& oa)

—— (0,2) VO, x) UG O"A)U(Fms O"L)  U(E ovr)

S (CYSIV(N'Y (. Oma) U 5m)-
On the other hand, blowing up the n-th Hirzebruch surface at the point (1/0, 1/(QO"A)) =

(0,0) and blowing down along the line 1/ = Q" 'A = 0, we obtain the n — 1-th
Hirzebruch surface as follows:

(O,8) U(O,%) UE Ora) UL o)
o (O,8) UO,E) U0 U 5 UOMTA, o)
L (O,8) V(O E) Ul OmA) V(S rtrs)-

The Next figure shows the order of the blow ups and the blow downs to obtain the
Cremona transformation corresponding to ws. (This table has to be read from the left to
the right.)

H, H, — Es H, — Es — Fg

Nw /S Nm [/ N

- Hy— FEs ~Hy — E5 — Eg Hy — FE5 — Eg

18



Ho+ Hy — E5 2Ho + Hy — E5

—Es— B, —FEs — E- — Eg
H() HO
/ E / "
* \
Hy+ Hy — E5
Es —FEg — E7
Hy— Eg
Hy

where double lines mean the lines which are blown down in the next steps.

The calculation of changing the blow down structure is as follows.

1 1 11
(z,y)U(z, =) U(=,p)U(=,=) =PI xP?
Yy x .y
1 1 1 11
U(z, —)U HU(=,y)u(=,=
@)U (@ ) U 2 U0 UG )
1 1 11
(T, zy) U (z, —)U (=, y)U(=, =) =F
Ty T Ty
(2,29) U (2, =) U (8%, —) U (=, 5) U (=, =)
b y b 2y y,xy x7y .’K’
) 1 11
Uz, —)U(=,y)U(=,=) =F
@U@ ) V(UG =R
1 1 2%y — 1 2
(x7x2y_a3)u(x7 U(_vxy a3)U(_7 a ) =F
z2y — as T 72 x x%y —as

2 2
Ty — as x 2 1 1 z%y —as3 1
) U ) - U ) U(-, U=,
(@, ——) (xgy_ag 7y —az)U(z xgy_%) (o= (g p—
2 2 2
Ty — as T 1 2%y —as 1 T
, U (a, U=, 22 Byy (=, - F
(@, ———) U xgy_%) (o= u(; xgy_%) 1
@ a3($2y —as) — a4x) Uz asx Ueer =R
’ asx " as(22y — az) — asx
(z az(z?y — az) — a4x) U asz> az(zy — az) — a4x)
’ azx? (as(z?y — a3) — asaz’ asx
U(x, as® )U

as(z?y — ag) — asx

as(z®y — az)—asx 2

asxr 1 1
) U 5 =P xP
(@ asz? U@ as(z?y — as) — asx
(1 az(z?y — a3) — a4:):) g 1 asz?
x’ asx? x’ az(z?y —a3) — asx

and ~ means an automorphism of the Hirzebruch surface and is determined as the point

of blow up in (21) is moved to the origin.
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Writing
/ az a4
wy : (x,y) = (T, y — 5 — —
2 ( ) y) ( Y 72 agx)
we obtain wy = t o w) where t is an automorphism of P* x P!. By taking a suitable ¢, we

can normalize wo to get the required result.

4.2 Normalization and the action on the space of parameters

First we determine the automorphism for normalization t. By (19), wy does not move the
points (z,y) = (00,0), (00, 00). According to the fact: wh : (00,0) — (00,0), (00, 00) —
(00, 00), t is reduced to the mapping ¢ : (x,y) — (c1z + c2, c3y), where ¢1,co,c3 € C are
nonzero constants.

Similarly, we moves the point a3 to the proper transform of the point of the 6-th blow
up. We denote this fact as

(@65 6) | (g, 06)=(as,0) = (0, 0);
where (uy,,vy,) is the coordinate of the n-th blow up. On the other hand,

(u_ﬁv %) | (ue,v6)=(a3,0)

(u6,v6)=(a3,0)

. 2 as a4 asx
= (P0- 2 e
r azz” a3(z?y — ag) — asx (u6,v6)=(a3,0)
a4UeVg azuelg
as a% — asUug + a4UgVg

(u6,v6)=(a3,0)

= (07 0)

holds. Hence t does not move the point (x,y) = (0, 00) and therefore ¢y = 0.

Similarly, since we does not move the points of the 10-th and the 11-th blow ups, we
have ¢; = ¢3 = 1 (moreover we can normalize as to be a5 = 1 or a5 = 0 by taking a
suitable value of ¢; = ¢3). Hence t has to be the identity.

Next we calculate how the parameters a1, as, as, aq, ag, a7 are changed by the action
of we. Notice that wso is an isomorphism from X to X', where ws satisfy the conditions
a),b) and c) in Section 3.2. and therefore X and X’ have the same sequence of blow ups
except their parameters. By @; we denote the parameter of the i-th blow up of X”.

Since the action of wo moves the points of blow ups as follows

(uz,v2) = (0,a1)
(us, v3) = (0,a2)
(ug, v6) = (a3, 0)
(u7,v7) = (a4, 0)
(U2
(u1s

(ug,v2) = (0, a1
(us, v3) = (0, ag
(ug, v6) = (0,0
(zy,1/y) = (0,0
(u12,v12) = (0, ag

(w13, v13) = (0, a7

U1z, v12) = (0, @g)

u13, ’1)13) (07 a_7)7

111717 11

[\V)
)



a; can be calculated. For example a7 is calculated as follows

0,a1) = (U2, 92)|(uy,00)=(0,a1)
1 __
- (iv ny)
Ty (ug,’UQ):(O:aJ)
_ ( azug va(—a3 + aqus + G§U§U2)2)
as — aqus — a%u%’l&’ a% (u2,v2)=(0,a1)

= (07 al):

and therefore a7 = a;.
Similarly we can calculate ag, a3, az as follows:

1

0.a3) = (= zy(zy’ —ar)
Ty (us,v3)=(0,a2)
a1aq
pu— 0 —_
( s U2 as )7
1
(@7 0) = (‘Tng:)
LY (ug,v6)=(0,0)
= (_a370)7
1
(a_47 0) = (‘fg(‘f2y__a_3)7i)
Y N(wy,1/y)=(0,0)
= (a4,0).

Consequently wo changes the parameters a; as

a1 = a1, Gz =a—2aja4/as, az = —as, as = aq,
as = a5, ag = g, a7 = a7 + 2a4a6/as

We write the action of wy on P! x P! and the space of parameters together as

w2 : (3;7:'-/;a17a27a37a47a57a67a7)
— (7,7 ; a1, as,as, as, as, Gg, a7)
as ayg 2a1a4 2a4a6
= |(zy——5——; a,a2 — ; —as, a4, G5, A6, a7 + . (22)
x asx as as
Here, in the calculation of the next iteration step we have to use ag3 = —ag instead of ag
and so on.

As was remarked before the mapping ws is of order 2 as an element of an extended
Weyl group and can be lifted to an isomorphism from X to X.
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4.3 The actions of other elements

Next we calculate the action of o13 from X to X.
The following figure shows the order of the blow ups and the blow downs.

H, Hy — Ey Hy+ Hy — Ey — Eqg
Yy=00

Hy

H H H H H

Nw /S N/

— Hi — Ey Hi — Ey
_ Eqo
Hy Hy— Eqy Hy Hy — E1o
Its calculation is as follows.
1 1 11, 1 1
($7y)U(UC7§)U(E7y)U(57§)—P x P
1 1 1 1
— (zy U ) U(=nUu(= 2 uE o)
y Ty’ T xly
1. 1y 1
— (367?!)U(367§)U(;7E)U(57§)—Fl
~ @y-2)U@——) U uE, =R
T T T T y—x
1 1 1 y—= 1 =
— (w7y_x)u(x7y_x)U(Evy_x)U(y_xv .T )U(xvy_x)
1 1 1 1 ol 1
- (x7y_x)u(w7y_x)u(gvy_x)u(gvy_x)_P x P

Similar to the case of wo, we have the action of 013 on X and the space of parameters
as follows

713 : (%ZJ%a17a27a37a47a57a67a7)
2 2
= (37, Tr—Yy—as; a67a7_2a5a67 _a37a47a57a17a2+2a1a5) . (23)
Similarly the action of o192 on X and the space of parameters is
g12 - (%ZJ%a17a27a37a47a57a67a7)
2
= (_y7 —T; —as,—a4, —a1,—a2,0a5 —ag,a7 — 4@5@6) . (24)

The action of w; or ws is determined by the relation wy = o192 0 wy 0 019 or Wy =
013 o wy o 013 respectively as follows

wy ($7y;a17a27a37a47 a57a67a7)
al az 2a0a3 2a9a6
= (T S Y5 —a1,02, 43,044 — , a5, 6, a7 + . (25)
Yy a1y a al
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w3 : (m,y; ai, az, as, a4, as, ae, a7)

( ag ar — 2a2ag ag ar — 2a2ag
=T = 9 ) - 9 )
(x—y—a5)* as(z—y—as) (x—y—a5)* as(z—y—as)
2a1 (a7 — 2a2a 2as(a7 — 2a2a
ai, as + i 7a 2 6),a3, a4 + 3( 7a 396) , a5, —ag, A7 — 4a§a6) . (26)
6 6

4.4 The non-autonomous HV equation

The composition wy o 013 © 012 is reduced to

W2 00130012 : (%ZJ%a17a27a37a47a57a67a7)
aq a9
= o (g r—y—as— — — — (27)

Y ary
2a9a 2a9a

2 206 2 203

—ag, a7 — 2a5a6 — 0 0 02,05, —a3, =G4 — 2azas + . )
1 1

where a5 can be normalized to be a5 = 0 or 1.

Of course this mapping satisfies the singularity confinement criterion by construction
and in the case of as = a4 = a5 = a7 = 0 and a1 = a3 = ag = a it coincides with the
HV eq.(1) except their signs. The difference between them comes from the assumption
a5 = as. Assuming a5 = —as under the actions of wo, 013 and 012, we have —wsy, —0o13
and —o12 as new wy, 013 and 012 and therefore (27) becomes as follows

W9 00130012 : (m,y;al,ag,ag,a4,a5,a6,a7)
al a2
= (Y, —rtytas+—+—; 28
(y Yy v ay (28)

2a9a 2a9a,
2 206 9 203
ag, —a7 + 2aza¢ + g, a2, —05, a3, a4 + 2azaz —
1

).

ai

Actually in the case of as = a4 = a5 = ay =0 and a1 = a3 = ag = a it coincides with the
HV eq.(2).
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5 Algebraic entropy

5.1 Algebraic entropy and intersection numbers

In this section we consider the algebraic entropy which has been introduced by Hietarinta
and Viallet to describe the complexity of rational mappings [2].
We define the degree of polynomial of one variable f(t) =3  a;t™ as

deg,((t)) = max{m ; am # 0}
and the degree of a polynomial of two variable f(z,y) = Zmn Ampx™Y" as

deg(f($7 y)) = max{m +n5 amn # 0}'

The degree of an irreducible rational function P(x,y) = f(z,y)/g(x,y), where f(z,y) and
g(x,y) are polynomials, is defined by

deg(P) = max{deg f(z,y),degg(z,y)}.

The degree of a mapping ¢ : (z,y) — (P(z,y),Q(z,y)), where P(z,y) and Q(z,y) are
rational functions, is defined by

deg(p) = max{deg P(z,y), deg Q(z, y)}

and similarly for deg,(P).
The algebraic entropy h(y), where ¢ is a mapping from P! x P! to itself, is defined by

1
h(p) = lim —logdeg(¢™)
n—oo n
if this limit exists.

Remark. If one would prefer to discuss the mapping in P? instead of P! x P!, it is
sufficient to note that we can relate a mapping ¢’: (X,Y,2) € P? — (X,Y, Z) € P? with
a mapping ¢: (z,y) € P xP! — (7,7) € P! x P! by using the relations z = X/Z,y = Y/Z
and T = X/Z,y = Y /Z and by reducing to a common denominator. We denote the n-
th iterate of ¢’ by (fn(X,Y, 2), gu(X,Y, Z), hp(X,Y, Z)) where f,, g, hy, are polynpmials
with the same degree and should be simplified if possible. The algebraic entropy h(p)
then coincides with h(¢’), where h(¢’) is defined by deg(¢"™) = deg f,.(= deg g, = deghy,)
and lim,,_,~ deg(¢’).

We show that we can calculate the degree of the n-th iterate and thus the entropy of
mapping by using the theory of intersection numbers.
Let {X;} be a sequence of rational surfaces obtained by blow ups from P! x P! and let

vi(z,y) be an isomorphism from X;_; to X;. We write the action of

PnOPn-10---0p1
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on Pt x P! as (Po(2,y), Qn(z,y)).
Let us define the curve L in X as y/x = ¢, where ¢ € C is a nonzero constant. Notice
that

deg;(Pu(t, ct)) = deg(Pn(z,y)) (29)

holds for generic c.

By the fundamental theorem of algebra, deg,(P, (¢, ct)) coincides with the intersection
number of the curve x = P, (t,ct) and the curve z = d in P! x P!, where d € C is a
constant.

The class of the curve (or class) x = d is expressed as Hy in Pic(X) and hence (see (7)
this intersection number coincides with the coefficient of H; of the class of the curve ¢"(L
for nonzero constant c¢. Analogously, the intersection number of the curve y = Q, (¢, ct
and the curve y = d coincides with the coefficient of Hy of the class of the curve ¢"(L
for any nonzero constant c.

)
)
)
)

Notice that for any isomorphism 6 from the rational surface X to the rational surface
X’ and any divisor D, the relation

[6(D)] = 6([D])

holds, where [*] means the class of * and in the right hand side 6 is the linear operator on
Pic(X) (= Pic(X’)) which is induced by the isomorphism 6.
In our case, we have

[pno-opi(L)] =pno--opi([L])

and therefore writing the coefficients of Hy and Hy of ¢, 0---0¢i([L]) as hQ, hl, we have
the relation

deg(Pu(t,ct)) = hy,  deg,(Qn(t, ct)) = hS

for any nonzero constant ¢ € C. On the other hand it can be seen that the relation (29)

holds for ¢ = ¢ such that [L] is invariant under infinitesimal change of ¢ around cy, i.e.

[L] is generic for the parameter c¢. (Suppose that P, (¢, ct) would suddenly be simplified for

certain values of ¢ and that [L] is invariant under infinitesimal change of ¢. The intersection

number of the curve x = P, (¢, ct) and the curve x = d would then change but ¢([L]) itself

would still be invariant, which leads to a contradiction. Similarly for the case of @, (¢, ct).)
Consequently we have the following theorem.

THEOREM 5.1 Let {X;} be a sequence of rational surfaces obtained by blow ups from
P! x P! and let o;(z,y) be an isomorphism from X; 1 to X;. We denote the action of
Yno---0p1 on Pt x Pt by (Py(z,%), Qu(z,y)). Let [L] be the class of curve x = cy in Xo
such that [L] is generic and let hO, hl be the coefficients of Hy and Hy of ¢no0---0p1([L]).
The formula

deg(Pu(z,y)) = hy,  deg(Qn(z,y)) = A,
then holds.
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Remark. As before if {X]} is a sequence of rational surfaces obtained by blow ups from
P? (instead of P! x P!) and ;(z,y) is an isomorphism from X/ ; to X/, we can consider
the degree of the mapping

@l o0 : P2 — P2,

We denote the class of a curve aX + bY + ¢Z = 0 in P2 by £. Notice that & is always
generic for parameters a, b, ¢ in X;. Similar to the case of P! x P!, we have the fact that
the degree of ¢], o - - -0 ¢} coincides with the coefficient of £ of ¢}, o---0 ¢} (E).

5.2 The case of the HV eq.

It is known [2] that the algebraic entropy of the HV eq. ¢ is equal to log(3 ++/5)/2. Here
we shall recover the algebraic entropy of the HV eq. by using the theory of intersection
numbers.

The curve L : x = ¢y, where ¢ € C is nonzero constant, is expressed by Ho + H; — Fy
in Pic(X) if ¢ # 1. This fact is easily calculated from the fact that L has intersections
only with Hy, H; and Ey at one time.

The action of ¢ on Pic(X) is given by (10) or (11). Hence the algebraic entropy of
the HV eq., lim,,_,o0 + - log max{hY, hl}, can be shown to be equal to (by diagonalization
of the matrix (11)):

3+v5

log max{| eigenvalues of (11)|} = log 5

On the level of the mapping itself, the degrees can be calculated as follows:

2 3
—xy*+y° +a
(x,y) —— (v, 7 ) : (deg3,deg9)
—2 & (deg9,deg25) —— (deg 25, deg67) ——. (30)

On the other hand, the intersection numbers can be calculated by (10) or (11) as follows:

Hy+ H,—Ey —*— 3Hy+ H,— E5 — Es— E; — Es — Fy
— s 9Hy+3H; + -+ (=3)Eg+---
—2— 25Hg+9H1+ -+ (=T)Eg+ -
—2 5 6THo+25H, +---+ (—19)Eg + - - -
LN

which actually coincides with (30).
By the corresponding mapping in P?, the degrees are

(X,Y,7) —£ (v3, —XY24+Y? 4 a2, Y22) —? ., deg9
e, deg 27 —2— deg73 —— . (31)
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Using the correspondence €& = Hy + Hy — Ey (it is shown that € : aX +bY +¢Z =0
actually has this correspondence in appendix B), we have that the curve has the property

©"(€)-& = ¢"(Ho+ Hi—Ey) - (Ho+ Hy — Ey)
= (hoHo +hiHi+e1E1+ -+ e1aFha) - (Ho + Hi — Ey)
ho + h1 + ey,

where e; € Z is the coefficient of F;. Hence we have the sequence of the coefficients of £
as

12532 .,9-% 971 % 732,
which coincides with (31).

Remark. The matrix (11) is an expression of the action ¢ on Pic(X) by the basis
{Ho, H1, E1,- -, E14}. But we already have a better basis for calculation of the degree
of ¢, (we may consider linear spaces to be on C instead of on Z for this purpose). That
is the basis {Dg, D1, -, D12, a1, a9, a3}. The reason is that < D; > and < a; > are
eigenspaces of ¢ and compliment each other. Moreover the action of ¢ on < D; > is just
a permutation. Hence it is enough to investigate the action on < «; > in order to know
the level of growth of deg(¢y,).

According to (17), by writing an element of < a; > as rya; + roa + r3as, the action
of ¢ (=wgo001300712) on < a; > is expressed as

™ 0 0 1 r
) = -1 2 2 ro | . (32)
) 0 10 o

Remark. In the case of the non-autonomous version (27) the coefficients of H; and F; do
not change and therefore the degrees and the algebraic entropy do not change, since its
action on the Picard group is identical with the action of the original autonomous version.

5.3 The growth of degree of discrete Painlevé equations

It is shown by Sakai [8] that the discrete Painlevé equations can be obtained by the
following method.

Let X be a rational surface obtained by blow ups from P? such that its anti-canonical
divisor —Kx (= 3£ — E; — - - - — Ey) is uniquely decomposed in prime divisors as —Kx =
25:1 m;D; and satisfies K x - D; = 0 for all 7. This implies that Kx - Kx = 0 and therefore
X is obtained by 9 points blow ups from P? and hence rankPic(X) = 10. One can classify
such surfaces according to the type (denoted by R) of Dynkin diagram formed by the D;
(the lattice of R is a sub-lattice of the lattice of Eél)).

The Cremona isometries of X preserve the sub-lattice < D; > and its orthogonal sub-
lattice with respect to the intersection form. By taking a suitable basis of the orthogonal
lattice, {a1, a2, -, as}, it is the basis of an extended affine Weyl group and moreover
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a; - aj does not depend on j. Notice that the intersection number of o; and Kx is zero,
since aj - Kx = o -y m;D; = 0.

The group of Cremona isometries of X is isomorphic to the extended affine Weyl group
and each element can be realized as a Cremona transformation on P2. Each of the discrete
Painlevé equations corresponds to a translation of extended affine Weyl group.

The Cartan matrixes of these affine Weyl groups are symmetric and —K x becomes the
canonical central element (and also becomes J, see § 6.2 § 6.4 in [16]). Hence the action
of Painlevé equation on the orthogonal lattice < a; > is expressed as

(o, 00, ag) = (oq + kiKx, a0+ koK x, -+, a5 + kyKx) (33)
where k; € Z and ) k; = 0.

LEMMA 5.2 Let X, D; and o be as mentioned above. The following formula with
respect to the rank:
rank < Dq,---,Dy, a1, -+, a3 >=9

holds.
Proof. Notice that {D1,---,Ds} or {ay,---,ay} are linearly independent. Suppose
Y diD;+ ) rja; =0, where d;, r; € C. We have F':= =) d;D; =) rjo; €< D; >N <

a; >. Since F is an element of < D; >, a; - (3_rjaj) = 0 holds for all 1 < i < J. Here
the Cartan matrix of the Weyl group is C := (¢; j)1<i,j<J:

2041‘ c Oy

Ci 5 —
Yo

and «; - «; does not depend on ¢. Hence it implies

Cr =0, (34)
where r = (71, -+, 7). The corank of Cartan matrix of affine type is 1. Hence we obtain
F € ZKx. It implies the fact that the corank of < Dq,---, Dy, aq,--+, 5 > is 1. O

Let E9 be an exceptional curve, where “9” means the last blow up.

LEMMA 5.3
{D1,---,Dr,0q,---, 05, Kx, Eg}

is a basis of Pic(X ).
Of course these elements are not independent.

Proof. Suppose Eg = > d;D; + ) r;a;, where d;,r; € C. Multiplying this equation by
Kx, we find —1 = 0. The claim of lemma follows from Lemma 5.2. U

Let T be a discrete Painlevé equation. Since T acts on {D;} just as a permutation,
there exists [ such that T! acts on {D;} as the identity.
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LEMMA 5.4 There exist integers z1, 22, . - ., 2y such that
T'(Ey) = Ey+ ) zja;
holds.

Proof. Notice that Eg has an intersection with only one of the {D;} and without loss
of generality we can assume Eg - D; = 1. The system of equations T'(Eg) - D; = 1,
T'(Eg) - D; = 0 (i = 2,...1I) is linear. Hence the solutions of this system are T'(Eg) =
Eg+3" Ca;. Of course T'(Eg) must be an element of Pic(X) and therefore the coefficients
must be integers. O

By Lemma 5.3 and Lemma 5.4 the action of T% on Pic(X) is expressed as

diDy+---+diDr+rog + -+ rjoy+ kKx +ekEy
— d1D1—I—"'—I—d[D[—I—(Tl—I—eZl)OQ+"'+(7“J+CZJ)04J
+(k+1lrik1+ ... +1lrjk;)Kx + eEy

where d;, r;, k, e € Z. This action is written by the matrix

1
0 1
A = 1 o (35)
1 ZJ
lky --- lkyj|1
. 1 -
where a blank means 0.
The matrix A%, where s € N is
-1 _
0 1
1 821
AS = . 9 (36)
1 szJ
Slk’l Slk’J 1 *g
1

where #, = 15(s — 1) 3 lk;z;.
Let us start with €& € Pic(X) and let diD1+---+d;Dr+rion+---+rja;+kKx +eEqg
be an expression of £. We obtain the following theorem.
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THEOREM 5.5 For all discrete Painlevé equations the order of degree of the n-th iterate
is at most O(n?).

Proof. The degree of the Painlevé equation T as a birational mapping of P? coincides with
the coefficient of £ in T"(€) as an action on Pic(X). Because the coefficients of

7€) (37)

1
= ZdiDi + Z(rj + szje)a; + + lekjrj +k+ 58(8 —1)le ijzj Kx + Ey,
3 J J J

where n = sl, increase at most with the order O(s?), the coefficient of £ also increases at
most O(n?). O
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6 Some other examples

We present some examples of rational mappings which satisfy the singularity confinement
criterion and some of which have positive algebraic entropy.

6.1 Example 1

Let w1, wo, w3 and a; be as in § 4. First we consider the mapping w; o wq

w1 o wsy : ($7 Yy;ai, az,as, a4, as, e, a7)

( aq as as aq — 2&2&3/&1
— r——=—-—,y— _ :
2 oay? T w—a/P —af(@y)?  as(@—ar/y? — az/(ary))
2 -2 2a0a, 2a0a, asas . @
—al,a2+wa—a3;a4— 2 3;a5;a6,a7+ 2 6+2(a4—2ﬁ —6>
as ax ay a1 ~as

This mapping has the following properties.

1)This mapping satisfies the singularity confinement criterion.
2)The order of the n-th iterate of mapping is O(n?) (easily seen from the action on < a >).
3)The actions on the parameters as, ag, a7 can be ignored.

This mapping is nothing but one of the discrete Painlevé equations, since the surface
obtained by blowing down the curves Ey, Fig,---, E14 in X is also the space of initial
values and the type of Dynkin diagram corresponding to the irreducible components of
(1)
7

of anti-canonical divisor are

anti-canonical divisor is D>’ with the symmetry A(ll). Actually the irreducible components

E\—FEy, F> — E3, B3 —Ey, E5 — Eg, Fg — E7, E7 — L,
Hy— FEy —Eo, H — FE5 — Eg

and the root basis of orthogonal lattice is

a1 = 2Hy— Ey — Ey — E3— Ey,
Qg = 2H0—E5—E6—E7—E8.

Next we consider the mapping ws o we o wy. This mapping is almost identical to the
nonautonomous HV eq. after 3 steps. Actually the latter becomes ws o w3 o wi.

At last we consider the mapping wsowsowsow;. This mapping satisfies the singularity
confinement criterion and its algebraic entropy is 17 + 12v/2.

6.2 Example 2

We consider the following diagram as irreducible components of the anti-canonical divisor.
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O —2 curve

e —4 curve

O O intersection

This diagram is realized by the sequence of blow ups from P! x P! as follows

(00,0) 1 (0,0) 1 (0,0) 1 3
(x,y) ‘T x_yay T x—ygay T x—ygaﬂ?y

. 1 a: 1
‘(%1) <—xy2 ,ay” (vy® — a1)> <(OHLZ) <—ny say (v (xy® — a1) — a2)>
(0,a3) 1 2/ 2, 9, 3
— | —5, 2y (zy~(vy” (vy° — a1) — az) —a3) |,
He Ty
(0,00) 1 (0,0) 1 (0,0) 3 1
(x,y) ——— Ty— |\ T |\ TYs 5
M7 Ty M8 <y M9 <y
(a4,0) 2 3, 1 (as,0) 2 2 3, _ 1
mO (et - an) oz ) <2 (Pt - an) - as) 5
(ag,0) 2 2 2 3, _ 1
0yttt - an) - ) o)

and

(00,00) 1 z (0,1) 1 x (0,a7) 1
('r7y) T _)x(__l) —H 2]
H13 Ty Hi4 T Yy His Tz

where we denote z := z(z/y — 1) — az,

(0,0) 1 (0,0) 1 3\ (0.as) 1 2/ 3
— —, 2| — | 5,22 | —— | —5,x2%(x2" — ag)
12319 .132’2 M1t .132’2 H18 .132’2

H19 H20

Similar to the case of the HV eq.(§ 4 ), we obtain

w2 : ('r7y:a1;a/25"'aa10)
a4 as ag a% 1
- (- Sam Gy
x asx a; ay’'x
3a2a?  3ajag 3a2a?  3agal
al;a2;a/3+ 3 - P} , —Qa4, a5, —0Ag, a7, ag, a9, @10 — 3 P} )
ay ay ay ay
o3 (w,y;a1,0a9, -, a10)

. 2 2 2 2
— (x,x—y — a7 ; ag,ag, aip — 3a7ag, —a4, s, —ag,a7,a1,a2,a3+3a1a7),
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012 : (x,y; ai, az, - ",alo)

. 2 2
= (=y,— ; as, —as, as, a1, —az, a3, az, —ag, ag, —ayo + 6azag)
and finally
we 00130012 : (T,y; a1, a2, -,a1p) —
2
ai as —as3 a3, 1
(—y,—y+x—a7——3— s +(— +-35)-; —as,ao,
Y ary ay ai y
3a2a2  3a2a 3a2a? 3asa?
2 2 248 843 2 2 204 30y
—a10+3a8a7— 3 + —2;a1;_a/2)a3)a/7)a/4)_a/5)a/6+3a‘4a‘7+ 3 - 2
a3 ay ay ay

In the case a; = 0 for ¢ = 2, 3,5, 6,9, 10, this mapping reduces to
ai
w0 0130012 ¢ (T, y;a1,a4,a7,a8) — (—y,r—y—ar+ S5 8,01, a1, as). (38)

We present some basic properties of this mapping.
The Picard group of the space of initial values is

Pic(X)=ZHy+ ZHy, + ZE1 + - - -+ ZFE2
and the canonical divisor of X is
Kx = —2Hy—2H, + Ey +-- -+ E3.
The irreducible components of the anti-canonical divisor are

Ey — FEy, Ey — FE3, B3 — FEy, By — Es5, E5 — Eg,
E¢ — Er, E7r — Eg, Eg — Fg, E9 — Evg, E11 — Eno,
Ero — Ei3, Ei5 — B, Ei6 — Evr, -+ -, E1g — Eoo,
Ho— FE1 — By — B3 — F13, Hy — E5 — Eg — By — E13, By — F15 — Eg — By

and the root basis is

a1 = 3H1—E1—E2—E3—E4—E5—E6,
as = 3Hy— FE7— Eg— Eg — FE1g — E11 — Eqo,
a3 = 3Ho+3Hy —3FE13 —3E14 — E15 — Fig — E17 — E1g — E1g — Eao.

The Cartan matrix 2(a; - o) /(0 - ) is

2 -3 -3
-3 2 -3 |. (39)
-3 -3 2

This Cartan matrix is not finite, affine nor hyperbolic type.
The algebraic entropy is 2 + v/3.
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Appendix

A Uniqueness of the decomposition of the anti-canonical
divisor

THEOREM A.1 Let X be the space of initial values of the HV eq. obtained in Section
2. The anti-canonical class of divisors —Kx can be reduced uniquely to prime divisors as

Do +2D1+ Do+ D3+ 2Dy + Dg + 3Dg + D7+ 2Dg + Dg + 2D1g + 2D11 + 2D19 (40)

Proof. Suppose that —K x is reduced to prime divisors as —Kx =Y ", f;F;, where F; is
a prime divisor and f; is a positive integer. F; has the form

14
hS Ho+ 1V H - eV B,
j=1

where h; and e; are nonnegative integers and h; < 2 and moreover hy or h; is strictly
positive (remember that —Kx = 2Hy+2H; —Z}il Ej;), or in the case the curve is included
in the total transform of a blow up point:

E\ — E>, By — E3, B3 — Ey, By, E5 — Eg, Bg — E7, E7 — Eg, Eg,
Ey — Eho, E1o — E11 — Eh2, E11 — Ei2, E1g — E13, E13 — E14, Fha.

Let us first suppose that there does not exist F; such that F; = E13 — E14. Then there
exists a Fj; such that F; has the form as hoHy + h1Hi — Z}il ejF; where eqy is strictly
positive. This means that F; has an intersection point with F14 and therefore this divisor
passes the point of the 14-th blow up before the blow up. Namely,

1 0, T 3, 9
-, (= = 1)(z°(—= - 1) —a)) = (0,0)
(:1;2(93/@/—1) 5 5 (
as x,y — 0o. Denoting u = 1/z,v = 1/v, we have u3/(v —u) = 0 and (v — u)(v? — 2v +
1 —au®)/u® =0 as u,v — 0. This implies v? — 2v + 1 — au® = 0(%) and hence we have
hg > 5, which is a contradiction.
Similarly there does not exist a divisor which has the form hoHy + h1 H1 — Zjlil ej B

where e12 or ej3 is strictly positive and h; < 2.

Now, we can consider the case where there does not exist a F; such that F; = F14. Then
according to the above result, there should exist integers j, k such that F; = E3—E14, Fj, =
Ei5 — E13 and f; = 1, fr = 2 (in the absence of a prime divisor E4, the form of —Kx
forces f; = 1 and subsequently fr = 2 in order to have the correct Ei3 dependence).
Considering the new coefficient of F1o, we have that the sum of the coefficients of F11 — F1o
and E10 — E11 — E12 has to be 3.

35



Then we have the following possibilities:

i) the coefficient of E1; — F19 is 0;

ii) the coefficient of Eyq — Ej9 is 1;
iii) the coefficient of F11 — E12 is 2;
iv) the coefficient of F1; — E19 is 3.

In the case 1),ii),iii) or iv) the coefficient of F1; is —3,—1,1 or 3 respectively. Hence
i) is impossible. To pass the point of the 11-th blow up, a divisor whose class has the
form hoHo+ h1Hy — 2311:1 e;E; must satisfy the equation u = 0 and (v —u)/u? = 0. This
implies hg > 2, h; > 1 and e1; = 1 and therefore iii) and iv) are impossible. Consequently
the coefficient of F11 — F19 has to be 1 and the coefficient of E1g— E11 — E12 has to be 2.

Along the same lines, considering the coefficient of F1g, we have the following possi-
bilities:

a) the coefficient of Eg — F1g is 0, in which case the coefficient of Fyg, F1q is 0, 2;
b) the coefficient of Eg — Ej¢ is 1, in which case the coefficient of Ey, Eyg is 1, 1;
c) the coefficient of Fg — Eg is 2, in which case the coefficient of Fy, Fqg is 2, 0;
d) the coefficient of Fg — E is 3, in which case the coefficient of Fy, Eqg is 3, —1.

To pass the point of the 10-th blow up, a divisor whose class has the form hgHg +
h1H, —2}1:1 e; Ej must satisfy the equation v = 0 and v/u = 1. It implies two possibilities:
i) hg > 1,h1 > 1, eg = e1p = 1 and eq, e3, €4, €6, €7, 5 = 0 (since if es would be strictly
positive, the intersection of the divisor hoHy + h1Hi — 2311:1 e;Ej and © = oo (= Hp)
is greater than or equal to 3, which is impossible) or ii) hoHy + hiHy — 2311:1 ej By =
2Hy + 2H; — 2FE9 — 2E1. Therefore a) is impossible. In the case b) the coefficient of Fy
becomes —1 (or 1,3 in the cases c), d) respectively) and the coefficients of Hy and H;
become equal to 2 (or become greater than or equal to 1, become 0 in the cases c), d)
respectively).

In the case b) the coefficients of E1, Es, - - -, FEg is 0 and hence the remaining contribu-
tion —F7 — - -+ — Es must be a sum of the terms:
Ey — Ey, By — E3, B3 — By, By, E5 — Eg, B — E7, B7 — Eg, Ey (41)

with nonnegative integer coefficients. Obviously this is impossible. In the case c) the
remaining contribution has the form b{Ho+ b} Hy — b1 Ey — - - - — bgEg — 2Ey, where by, b} =
0 or 1, by, b3, by, bg, b7, bg = 1 and b1, b2 = 0 or 1 and hence it must be a sum of Hy — F7 —
Ey — Ey, Hy — E5 — Eg — Eg and (41) with nonnegative integer coefficients. By straight
forward discussion it can be seen that this case is also impossible.

The coefficient of E9 — Eqy therefore has to be equal to 3 and hence the coefficient
of Ey has to be 3 as well, from which point on it can be easily seen that the remaining
contributions to —Kx are uniquely determined.

Similarly, starting from the supposition that there does exist a F; such that F; = Fqy,
similar proof can be given. (]
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B The space of initial values constructed by blowing up P?
We consider the construction of the space of initial values for the HV eq. ¢ : P? — P2
0: (XY, Z)— (Y3, -XY? 4+ Y3+ a2 Y22).

This mapping is reduced from (2) by the change of variables © = X/Z,y =Y/Z.

The space of initial values X’ becomes isomorphic to X where X is the space of initial
values in the case of P! x P'. Denoting a class of the curve aX +bY +¢Z = 0 by £, where
a,b, c € C (a bears no relation with a in ¢), we have a correspondence between the bases
of their Picard groups as follows

Pic(X') = ZE + ZE, + ZE, + ZE| + - - -+ ZEg + ZE|, + ZE}, + ZEY,

&= Ho+ Hy — Ey, E, = Hy — Ey, B, = H — Ey,
El=E; fori=1,23,4,56,7810,11,12, 13, 14.

The intersection form is
E-E=1, E;-E§:—5i7j, S-EZ(:O

for alli,j €{p,q,1,2,---,14}.
The irreducible components of the anti-canonical divisor are

Ei_Eév Eé_Eil’ﬂ E{’)_Ez/b EE/S_Eév Eé_Eév Eé—Eé,
& —E,— E, - Ey, By — Eyy, By, —Ejy, Ej3—Ejy
E, - By — B3, By — E5 — Eg, Ely— By — EY

and the root basis is

o = 26-2E,—E| - Ey— E}— B},
0y = 26 -2, - E,—E,—E, - E},
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