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ഄࡌƕڑଜઐഷഒฆ੠

Ƽଜ๽ƽ (φ౶ʍ౰Ԫॐʊ੆ɸʪ଼ݍ१಴๗ࣰٛ)

ѓࢬݍ F (y) :=

∫ b

a

f(x, y(x), y′(x)) dx

ॣƏต y(a) = A, y(b) = B

ʊ੆ɶʅƒȳ(x) ʱ҈ࢬݍࢊחʇɸʪƓɲʍʇɬ ȳ(x) ʎƒΤђʱෂ
ɾɸƕ

(∗)

⎧

⎨

⎩

d

dx
fz[ȳ(x)] = fy[ȳ(x)]

ȳ(a) = A, ȳ(b) = B.

Ƹ౰Ԫॐɫ஺ʇʎڌʨʉɣφ౶ʍ࣪܏Ɠ஺ʍ࣪܏ʎɸʆʊߪɶɾƓƹ
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ࣘ෢ʍҩ๗ƕڑଜઐഷഒฆ੠

O x

y

ȳ(x) + εv(x)

ȳ(x)

ȳ(x) ʱ҈ࢬݍࢊחʇɸʪƓɸ
ʪʇƒ

F (y) ≥ F (ȳ)

Ƹॣต y(a) = A, y(b) = B ʱෂɾɶ

ȳ(x) ʊ࡝ഒׯɣɸʘʅʍ y(x)ƹ

ɫ२ʩງʃƓ
ɲɲʆƒv(x) ʱ v(a) = 0, v(b) = 0 ʱෂɾɸ௰ίʍԪॐʇɸʪƓ
ɼʫʊ੆ɶʅƒε ʱ࡝ഒࢬɴɣॐʇɸʫʏ

ȳ(x) + εv(x)

ʎƒॣตʱෂɾɶ ȳ(x) ʊׯɣԪॐʆɡʪƓʧʂʅƒ

F (ȳ + εv) ≥ F (ȳ) Ƹ࡝ഒࢬɴɣ ε ƹ

ɫ२ʩງʃƓ
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ࣘ෢ʍҩ๗ƕ਩ɬ
ɲɲʆ φ(ε) = F (ȳ + εv) ʇɩɮʇ

φ(ε) ≥ φ(0) Ƹ࡝ഒࢬɴɣ ε ƹ

ɫ२ʩງʃƓɣʝƒφ(ε) ʎ 1 ഷॐԪॐʉʍʆƒε = 0 ɫࢬݍࢊח
҈ʆɡʪɲʇɪʨ φ′(0) = 0 ɫ२ʩງʃƓൣۈಣഒʍଜձʧʩƒ

DF (ȳ)(v) = φ′(0) = 0

ʱமʪƓൣۈಣഒʍਫ਼ 2 ʇ߲ۂ v(a) = v(b) = 0 ʧʩ

0 = DF (ȳ)(v) =

∫ b

a

[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]}

]

v(x) dx+
[

fz[ȳ(x)]v(x)
]b

a

=

∫ b

a

[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]}

]

v(x) dx

ʱமʪƓ
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ࣘ෢ʍҩ๗ƕ਩ɬ
ʧʂʅ

∫ b

a

[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]}

]

v(x) dx = 0

Ƹ v(a) = 0, v(b) = 0 ʱෂɾɸɸʘʅʍ v(x) ƹ

ɫ२ʩງʀƒɲʫʧʩƒ

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)} = 0 Ƹɸʘʅʍ x ʆ 0 ʇʉʪԪॐƹ

ʱமʪƸʼʶ˻ƪ–˻˂˻̅ˊ˷ൣପ߲ƹƓ
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ॣตʃɬഷഒฆ੠
ଜઐഷഒฆ੠ʎƒॣตɫԜઅʆɡʂɾɫƒΤђʍʧɥʊʧʩ௟ڑ
ɶɣॣตʱߡʃഷഒฆ੠ʡਵɣƓ

Example
ແʆ֣ɱɾ٨ाসฆ੠ʎ

ѓࢬݍ F (y) :=

∫ b

a

mgy(x)
√

1 + y′(x)2 dx

ॣƏต G(y) :=

∫ b

a

√

1 + y′(x)2 dx = ℓ

y(a) = h, y(b) = h

ʇʉʪƓ

ॣตʊʎઐ୐ॣตʍ਴ʊঋഒʆ೅ɴʫʪॣตʡ԰ʝʫʅɣʪƓ
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ॣตʃɬഷഒฆ੠ʍφ౶ح

ѓࢬݍ F (y) :=

∫ b

a

f(x, y(x), y′(x)) dx

ॣƏต G(y) :=

∫ b

a

g(x, y(x), y′(x)) dx = ℓ

y(a) = A, y(b) = B

ɲʍฆ੠ʆʎƒԪॐ ȳ(x) ɫ

G(y) =

∫ b

a

g(x, y(x), y′(x)) dx = ℓ, y(a) = A, y(b) = B

ʱෂɾɶƒȳ(x) ʊׯɣɸʘʅʍԪॐ y(x) ʊ੆ɶʅ

F (y) ≥ F (ȳ)

ʇʉʪƒȳ(x) ɫ҈ࢬݍࢊחʆɡʪƓ
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ॣตʃɬഷഒฆ੠ʊ੆ɸʪٽࠄ଺۵ޅ ɼʍφ
ॣตʃɬഷഒฆ੠ʊ੆ɶʅƒɼʍʝʝʆʎʼʶ˻ƪ–˻˂˻̅ˊ˷
ൣପ߲ʎެɧʉɣƓ
ʝɹƒݍʡઅࢃʉঋഒॣตɪʨ۵ɧʪƓ

ѓࢬݍ F (y) :=

∫

1

0

f [y(x)] dx

ॣƏต
∫

1

0

y(x) dx = 1, y(0) = 0, y(1) = 1

ɲʍฆ੠ʍ҈ࢬݍࢊחʱ ȳ(x) ʇɩɮƓɸʪʇ

F (y) ≥ F (ȳ)

Ƹ
∫

1

0
y(x) dx = 1, y(0) = 0, y(1) = 1 ʱෂɾɶ ȳ(x) ʊׯɣ y(x)ƹ

ɫ२ʩງʃƓ
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ɼʍφʍ਩ɬޅ۵
v(x) ʱ v(0) = v(1) = 0 ʱෂɾɸ௰ίʍԪॐʇɸʪʇƒ

F (ȳ + εv) ≥ F (ȳ)

Ƹ
∫

1

0
{ȳ(x) + εv(x)} dx = 1, v(0) = v(1) = 0 ʱෂɾɸɸʘʅʍԪॐ vƹ

ɣʝƒȳ(x) ʎॣตʱෂɾɸʍʆƒԪॐ v(x) ʊ੆ɶʅ

∫

1

0

{ȳ(x) + εv(x)} dx = 1 ⇐⇒

∫

1

0

v(x) dx = 0

ʇʉʪƓʧʂʅ

F (ȳ + εv) ≥ F (ȳ)

Ƹ
∫

1

0
v(x) dx = 0, v(0) = 0, v(1) = 0 ʱෂɾɸɸʘʅʍ v(x) ƹ
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ɼʍφʍ਩ɬޅ۵
ɶɾɫʂʅƒڑଜઐฆ੠ʍࣘ෢ʇடํʊɶʅƒ
∫

1

0

[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]}

]

v(x) dx = 0

Ƹ
∫

1

0
v(x) dx = 0, v(0) = 0, v(1) = 0 ʱෂɾɸɸʘʅʍ v(x) ƹ

ʱமʪƓڑଜઐฆ੠ʍ࣪܏ʍࣘ෢ௐʍ߲ʇɼʂɮʩɿɫƒv(x) ʊ
ঋഒॣตɫљʮʂʅɣʪƓ

O x

y

ঋഒɫ 0 ʊʉʪԪॐ v(x) ʱɪɰʅƒঋഒ
ડɫ 0 ʊʉʪʡʍʎƗ

⇓
ɡʪ λ ʊ੆ɶʅƒ

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]} = λ ƸଜॐԪॐƹ
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ॣตʃɬഷഒฆ੠ʊ੆ɸʪٽࠄ଺۵ޅ ɼʍ௡
ʉঋഒॣตʊʃɣʅ۵ɧʪƓތɶഉࢭʊߣ

ѓࢬݍ F (y) :=

∫

1

0

f [y(x)] dx

ॣƏต G(y) :=

∫

1

0

{

20y(x) + e2xy′(x)
}

dx = 1

y(0) = 0, y(1) = 1

ʍ҈ࢬݍࢊחʱ ȳ(x) ʇɸʪƓɸʪʇƒ

F (y) ≥ F (ȳ)

ƸG(y) = 1, y(0) = 0, y(1) = 1 ʱෂɾɸɸʘʅʍԪॐƹ

ɫ२ʩງʃƓ
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ɼʍ௡ʍ਩ɬޅ۵
v(x) ʱ v(0) = v(1) = 0 ʱෂɾɸ௰ίʍԪॐʇɸʪʇƒ

F (ȳ + εv) ≥ F (ȳ)

ƸG(ȳ + εv) = 1, v(0) = 0, v(1) = 0 ʱෂɾɸɸʘʅʍԪॐ vƹ

ɣʝƒG(ȳ + v) =

∫ 1

0

[

20 {ȳ(x) + v(x)} + e2x {ȳ′(x) + v′(x)}
]

dx = 1

⇐⇒

∫ 1

0

{

20v(x) + e2xv′(x)
}

dx = 0

⇐⇒

∫ 1

0

(

20− 2e2x
)

v(x) dx = 0Ƹ೼ഒঋഒƹ

ʧʩƒ

F (ȳ + εv) ≥ F (ȳ)

Ƹ
∫

1

0
(20− 2e2x) v(x) dx = 0,v(0) = 0, v(1) = 0

ʱෂɾɸɸʘʅʍԪॐ vƹ
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ɼʍ௡ʍ਩ɬޅ۵
ɶɾɫʂʅƒ

∫

1

0

[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]}

]

v(x) dx = 0

Ƹ
∫

1

0

(

20 − 2e2x
)

v(x) dx = 0,v(0) = 0, v(1) = 0

ʱෂɾɸɸʘʅʍԪॐ vƹ

ɫ२ʩງʃƓɲɲʆƒ
∫

1

0

[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]}

]

(

20− 2e2x
)−1 (

20− 2e2x
)

v(x) dx = 0

ʧʩƒ
[

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)}

]

(20 − 2e2x)−1 = λ

ʱமʪƓɣʝ

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]} =Ƹଜॐƹ×Ƹॣต߲ɪʨமʨʫʪԪॐƹ

ʊʉʪʇɣɥԪؤʊુίɶʅɩɲɥƓ
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φ౶ʍॣตʍ࣪܏
ঢପʍ۵ޅʱφ౶ѓɸʪʇƒॣต߲ɫ

G(y) =

∫ b

a

g(x, y(x), y′(x)) dx

ʍʇɬƒ҈ࢬݍࢊח ȳ(x) ʊ੆ɸʪʼʶ˻ƪ–˻˂˻̅ˊ˷ൣପ߲
ʍຜ഻ʍܿʎƒɡʪࠄॐ λ ʊ੆ɶʅ

fy[ȳ(x)]−
d

dx
{fz[ȳ(x)]} = λ

[

gy[ȳ(x)]−
d

dx
{gz[ȳ(x)]}

]

(1)

ʇʉʪɲʇɫߪɺʪƓ d
dx
ʍɡʪ܈ʱ഻ܾʊƒ d

dx
ʍʉɣ܈ʱϞ഻ʊ

ζ܈ɶƒλ ʱ −λ ʊપɬԋɧʪʇ

d

dx
{fz[ȳ(x)]} + λ

d

dx
{gz[ȳ(x)]} = fy[ȳ(x)] + λgy[ȳ(x)]

ʇʉʪƓ
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ॣตʃɬഷഒฆ੠ʍ଼ݍ१ࣰٛ

Ƽଜ๽ƽ

ѓࢬݍ F (y) :=

∫ b

a

f(x, y(x), y′(x)) dx

ॣƏต G(y) :=

∫ b

a

g(x, y(x), y′(x)) dx = ℓ

y(a) = A, y(b) = B

ʊ੆ɶʅƒȳ(x) ʱ҈ࢬݍࢊחʇɸʪƓɲʍʇɬ DG(ȳ)(·) ɫ९ਝʉʨʏƒɡʪ
ॐࠄ λ ɫਮݥɶʅƒf̃(x, y, z) = f(x, y, z) + λg(x, y, z) ʊ੆ɶʅƒȳ(x) ʎ

(∗)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

d

dx
f̃z[ȳ(x)] = f̃y[ȳ(x)]

∫ b

a
g[ȳ(x)] dx = ℓ

ȳ(a) = A, ȳ(b) = B

ʱෂɾɸƓ
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ॣตʃɬഷഒฆ੠ʍଖຏԪॐ
Definition
ଜ๽ʆ๑ɣɾ

f̃(x, y, z) = f(x, y, z) + λg(x, y, z)

ʱ ˻˂˻̅ˊ˷Ԫॐ ʇڐʕƓ

(∗)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

d

dx
f̃z[y(x)] = f̃y[y(x)]

∫ b
a
g[y(x)] dx = ℓ

y(a) = A, y(b) = B

ʱෂɾɸԪॐ y(x) ʱƒฆ੠ (2) ʊɩɰʪ ଖຏԪॐ ʇڐʕƓʝɾƒ(∗)
ʍಣഒൣପ߲

d

dx
{fz[ȳ(x)] + λgz[ȳ(x)]} = fy[ȳ(x)] + λgy[ȳ(x)]

ʡƒઅʊ ʼʶ˻ƪ–˻˂˻̅ˊ˷ൣପ߲ ʇڐʕƓ
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҈൥ແ

Example
ॣตೝɬഷഒฆ੠

ѓࢬݍ F (y) :=

∫

1

0

y′(x)2 dx

ॣƏต G(y) :=

∫

1

0

y(x) dx = 1

y(0) = 0, y(1) = 1

ଖຏԪॐʱ֑ʠʧƓ

౮࢑
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໛ࡌฆ੠

(1) ѓࢬݍ F (y) :=

∫ π

0

{2y(x) sinx+ y′(x)2}dx

ॣƏต G(y) :=

∫ π

0

y(x)dx = 1

y(0) = 0, y(π) = 0

(2) ѓࢬݍ F (y) :=

∫

1

0

{4y(x) + y′(x)2} dx

ॣƏต G(y) :=

∫

1

0

xy(x) dx =
1

4

y(0) = 0, y(1) = −1
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